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Abstract 

We prove that, for C^-generic diffeomorphisms, if the periodic orbits contained in 
a homoclinic class H{p) have all their Lyapunov exponents bounded away from 0, 
then H (p) must be (uniformly) hyperbolic. This is in sprit of the works of the stability 
conjecture, but with a significant difference that the homoclinic class H{p) is not known 
isolated in advance, hence the “weak” periodic orbits created by perturbations near the 
homoclinic class have to be guaranteed strictly inside the homoclinic class. In this sense 
the problem is of an “intrinsic” nature, and the classical proof of the stability conjecture 
does not pass through. In particular, we construct in the proof several perturbations 
which are not simple applications of the connecting lemmas. 


1 Introduction 

1.1 Backgrounds and main results 

We study in this paper a problem that is in sprit of the works of the stability conjec¬ 
ture but with an “intrinsic” nature. Let M be a compact manifold without boundary, and 
Diff^(M) be the space of C^-diffeomorphisms of M. Recall the stability conjecture formu¬ 
lated by Pahs and Smale claims that if a diffeomorphism / is structurally stable then it is 
hyperbolic. Here a diffeomorphism / is called hyperbolic if the chain recurrent set R{f) of / 
(see Definition 12.9p is hyperbolic. A stronger version of the conjecture is to claim that if / 
is fl-stable then it is hyperbolic. These two remarkable conjectures are solved by Mane [3S] 
and Palis [35], respectively. 

During the long way of study of the stability conjectures, the attention was more and 
more concentrated on periodic orbits of the (unperturbed) diffeomorphism / as well as its 
perturbations g. Liao [33] and Mane [31] raised independently a conjecture (more precisely, 
a problem without a tentative answer), known as the star conjecture, stating that if / has 
no, robustly, non-hyperbolic periodic orbits then it is hyperbolic. Being an assumption, the 
star condition is clearly weaker than the H-stability. Hence the star conjecture is regarded 
another (strong) version of the stability conjecture. It is solved by Aoki and Hayashi [31130]. 
To compare more precisely with our Main Theorem below we state their results in a generic 
version. Recall that if p is a periodic point with period r of a diffeomorphism /, and if 
Ai,A 2 ,-'- , Ad are the eigenvalues of D/” (counted by multiplicity), then the d numbers 
Xi = i log |Ai|, i = 1, • ■ • , d are called the Lyapunov exponents of orb{p). 

Theorem 1.1. (Aoki and Hayashi) For a -generic f € Diff^(M), if f is not hyperbolic, 
then there is a periodic orbit of f that has a Lyapunov exponent arbitrarily close to 0. 


Now we state our main result. Recall that two hyperbolic periodic points are homo- 
clinically related if W'^{orb(p)) has non-empty transverse intersection with {orb{q)) and 
W'^{orb{p)) has non-empty transverse intersection with {orb{q)). To be homoclinically 
related is an equivalent relation, and the homoclinie elass H{p) of a hyperbolic periodic 
point p is the closure of the union of periodic orbits that are homoclinically related to p. 
Two different homoclinic classes may intersect. Nevertheless by the result of [ 8 ], for C^- 
generic diffeomorphisms, every homoclinic class is a maximal invariant compact set that is 
chain transitive (see Definition [2^ , hence they are pairwise disjoint. Homoclinic classes are 
generally infinite in number, even for generic diffeomorphisms. 

Main Theorem. For a -generie f € DifF^(M), if a homoclinic class H{p) of f is not 
hyperbolic, then there is a periodic orbit of f that is homoclinically related to orb{p) and has 
a Lyapunov exponent arbitrarily close to 0. 

Note that here the “weak” periodic orbit (the one with a Lyapunov exponent arbitrarily 
close to 0 ) is homoclinically related to orb{p), that is, is “inside” the homoclinie class H{p). 
This is the main point of this paper. In fact, under the assumptions of the Main Theorem, 
it is straightforward to prove (following the classical proof of the stability conjecture) that, 
there must be a weak periodic orbit arbitrarily near H{p). In contrast, here the Main 
Theorem claims there must be a weak periodic orbit not only near, but actually inside 
(p). Of course, if the homoclinie class H {p) is assumed to be isolated, then being “near” 
will be equivalent to being “inside”. The point is that here F[ (p) is not known to be isolated 
hence, at each step, the periodic orbits created by perturbations have to be guaranteed to lie 
strictly inside the homoclinie class. It is in this sense we say the problem is of an “intrinsic” 
nature, and the classical proof of the stability conjecture does not pass through. 

There are other conjectures aimed to give a dichotomy of global dynamics. Recall that a 
homoclinie tangency of a hyperbolic periodic point p is a non-transverse intersection between 
IT“(p) and W'^{p). A diffeomorphism is with a heterodimensional cycle if there are two hy¬ 
perbolic periodic points p and q with different stable dimensions such that (p)nIT“ (q) ^ 0 
and W‘^{q) fl W^{p) 7 ^ 0. It is obvious that any diffeomorphism with either a tangency or a 
heterodimensional cycle is not hyperbolic. Palis conjectured that these two phenomenons are 
the only obstacles for hyperbolicity. More precisely, the union of hyperbolic diffeomorphisms 
and diffeomorphisms with tangencies or heterodimensional cycles are dense in the space of 
diffeomorphisms, see m- Based on the results afterwards, Bonatti and Diaz conjectured 
that the union of diffeomorphisms that are hyperbolic and those with heterodimensional 
cycles are dense in the space of diffeomorphisms, see [71 [U. There are many works related 
to this subject, like gOlIIHllllISI]. gS] solved this conjecture for dimension 2 , and for higher 
dimension, UBinniiii] got progress that far from homoclinie bifurcations, the systems has 
some weak hyperbolicity (partially hyperbolic or essentially hyperbolic). 

By the Franks’ lemma gU [55]; we can perturb weak periodic orbits to get periodic 
orbits with different stable dimensions. But it is not clear whether these periodic orbits are 
still contained in the non-hyperbolic homoclinie class after perturbation. Thus we have the 
following conjecture, which is an intrinsic version of Palis conjecture for homoclinie classes. 

Conjecture 1. ([7] [9]) There is a residual subset TZ C DifF^(M), such that for all f € TZ, 
if a homoclinie class H (p) is not hyperbolic, then there is a periodic point q € H(p), whose 
stable dimension is different from that of p. 

By m, one can decompose the dynamics into pieces, and each piece is called a chain 
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recurrence class (see Definition [2J01) . By [8], for C^-generic diffeomorphism, a chain re¬ 
currence class is either a homoclinic class or contains no periodic point. We call a chain 
recurrence class without periodic point an aperiodic class. Recall that a dominated splitting 
E (B F on an invariant compact A set is an invariant splitting of T^M and the norm of Df 
along E is controlled by that along F, and A is partially hyperbolic if T\M splits into three 
bundles which is a dominated splitting such that the extremal bundles are hyperbolic and the 
center bundle is neutral (see Definition l2.6l) . By [181 [22], for C^-generic diffeomorphisms far 
from homoclinic bifurcations (or just homoclinic tangencies), an aperiodic class is partially 
hyperbolic with center bundle of dimension 1. In [10], they proved that if dim{M) > 3, 
then there are an open set hi of Diff^(M), and a residual subset V of hi, such that any 
g € V has infinitely many aperiodic classes, and each of them has no non-trivial dominated 
splitting. We state here a conjecture by S. Crovisier for aperiodic classes, which implies 
the non-existence of aperiodic classes for C^-generic diffeomorphisms far from homoclinic 
bifurcations. 

Conjecture 2. ([20]) Let A be an aperiodic class for a C^-generic diffeomorphism f, and 
E'^ (B E‘^ (B E'^ the dominated splitting such that E^ (resp. E"^) is the maximal uniformly 
contracted (resp. expanded) sub-bundle. Then E‘^ has dimension larger than or equal to 2 
and does not admit a finer dominated splitting. 

1.2 Main theorem restated 

We give here a more general result rather than the main theorem. For a hyperbolic 
periodic point p, denote by ind(p) its stable dimension. 

Theorem A. For -generic f € Diff^(M), assume that p is a hyperbolic periodic point of 
f. If the homoclinic class H{p) has a dominated splitting Tu(ji'jM = E (B F, with dimE < 
ind{p), such that the bundle E is not contracted, then there are periodic orbits in H(p) with 
index dim{E) that have the maximal Lyapunov exponents along E arbitrarily close to 0. 

Remark 1.2. If in the assumption of the Theorem A, dimE = ind{p), then the periodic 
orbits Ok = orb{qk) have the same index as p. Thus by the genericity assumption, they are 
homoclinically related with orb{p). 

We give an explanation how Theorem A implies the main theorem. We assume that the 
second item of the main theorem does not happen, that is to say, all Lyapunov exponents of 
periodic orbits that are homoclinically related to orb{p) are uniformly away from 0. Then 
by the genericity assumption, II(p) has a dominated splitting Th(p)M = E (B F, with 
dimE = ind{p), (see [26] and Proposition 4.8 of [9]). By the conclusion of Theorem A and 
the assumption of no existence of weak periodic orbits homoclinically related to orb{p), we 
get that the bundle E is contracted. With the same argument for f~^, we get that the 
bundle F is expanded for /. Hence Th{p)M = E (B F is a hyperbolic splitting and we get 
the conclusion of the main theorem. 

In [35] ■ Mane introduced a very useful lemma (Theorem II. 1) to get weak periodic orbits 
under certain hypothesis. The statement is very technical and the original proof of Mane 
is difficult, thus we will not state it here. Based on a modification of the proof of Mane, 
Bonatti, Gan and Yang have a result for homoclinic classes, see m- 

Here we point out that, different from Theorem II.1 of [35] and the result of [13], there is 
a genericity assumption in the main theorem and Theorem A. That is to say, the conclusion 
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of the main theorem is a perturbation result and may not be valid for all diffeomorphisms. 
Thus one asks the following question naturally, whether the genericity assumption is essential 
in the main theorem. 

Question 1. Is there a homoclinic class H{p) for a diffeomorphism f satisfying that all 
the Lyapunov exponents of all periodic orbits homoclinically related to orb{p) are uniformly 
away from 0 but H(jp) is not hyperbolic? 

In some cases, we can give a positive answer to this question. In |42j . Rios proved that 
there is a diffeomorphism on the boundary of the set of hyperbolic diffeomorphisms on sur¬ 
face, with a homoclinic class containing a tangency inside. Hence it is not hyperbolic (it does 
not have a dominated splitting because of the existence of tangency). In [14] . they proved 
that for this homoclinic class, all the Lyapunov exponents of all periodic orbits contained 
in the class are uniformly away form 0. In fact, they proved more that all the Lyapunov 
exponents of all ergodic measures are uniformly away from 0. Examples of non-hyperbolic 
homoclinic classes with a dominated splitting can be found in like [MHIIIT], but the ho¬ 
moclinic classes in these examples contain weak periodic orbits. For diffeomorphisms on 
surfaces, by the conclusions of [41], one can not give a non-hyperbolic homoclinic class with 
domination and without weak periodic orbits, which is unknown in the dynamics. Hence 
we have the following question which is a stronger version of Question |T| 

Question 2. Is there a non-hyperbolic homoclinic class II{p) with a non-trivial dominated 
splitting for a diffeomorphism f satisfying that all the Lyapunov exponents of all periodic 
orbits homoclinically related to orb(p) are uniformly away from 0? 

1.3 Some applications of the main theorem 

In this subsection, we give some applications whose proof will be given after. 

1.3.1 Structural stability and hyperbolicity 

Recall that a diffeomorphism / G Diff^(M) is structurally stable, if there is a neigh¬ 
borhood U of /, such that, for any g GU, there is a homeomorphism ^ : M —>■ M, satisfying 
° / = 9 ° 4^- Ths orbital structure of a structurally stable diffeomorphism remains un¬ 
changed under perturbations. Mane proved that the chain recurrent set of a structurally 
stable diffeomorphism is hyperbolic, see [35] . Here we give a local version about this result. 

It is known that a hyperbolic periodic point has a continuation. More precisely, for a 
hyperbolic periodic point p of a diffeomorphism / with period r, there is a neighborhood 1/ 
of orb(p) and a neighborhood lA of /, such that, for any g G Li, the maximal invariant 
compact set of p in [/ is a unique periodic orbit with period r and with the same index 
as p. We denote this continuation of p by Pg for such a diffeomorphism g, and denote 
the homoclinic class (and chain recurrence class resp.) of Pg by II{pg) (and C{pg) resp.). 
Thus we say that a homoclinic class iL(p) of a diffeomorphism / is structurally stable, if 
there is a neighborhood U of /, such that, for any g G U, there is a homeomorphism 
(j) : Hfp) —>■ H(pg), satisfying </> o f\H(p) = 9 ° (I>\h{p}, where Pg is the continuation of 
p. Similarly we can define the structurally stability for a chain recurrence class C{p) of a 
hyperbolic point. One asks naturally the following question, which can be seen as a “local” 
version of the stability conjecture. 
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Question 3. Assume p is a hyperbolic point for a diffeomorphism, if H{p) (or C{p)) is 
structurally stable, then is it hyperbolic? 

There are many works related to this question, see for example [SSI 031113 HO] • In 03 
and m, they prove that structural stability implies hyperbolicity for the chain recurrence 
class and the homoclinic class respectively of a hyperbolic periodic point, under the hypoth¬ 
esis that the diffeomorphism is far away from tangency, or that the stable or the unstable 
dimension of this periodic point is 1. With the conclusions of the main theorem, we can give 
a complete answer to Question [S] 

Corollary 1.3. Assume f is a diffeomorphism in Diff^(M) and p is a hyperbolic periodic 
point of f. If the homoclinic class H(p) is structurally stable, then H(p) is hyperbolic. The 
conclusion is also valid for C{p). 

1.3.2 Partial hyperbolicity 

Next result is that for a homoclinic class with a dominated splitting of a C^-generic dif¬ 
feomorphism, if the dimensions of the two bundles in the splitting satisfy certain hypothesis, 
then the splitting is a partially hyperbolic splitting (at least one bundle is hyperbolic). 

Corollary 1.4. For -generic f € Diff^(M), if a homoclinic class H{p) has a dominated 
splitting Tu(ji'jM = E (S) F, such that dim{E) is smaller than the smallest index of periodic 
orbits contained in H(p), then the bundle E is contracted. Symmetrically, if dim(E) is larger 
than the largest index of periodic orbits contained in H{p), then the bundle E is expanded. 

As another consequence of the main theorem, we can give a proof of Theorem 1.1 (2) 
in [22] with a different argument. More precisely, we can prove that for a C^-generic diffeo¬ 
morphism far from tangency, a homoclinic class has a partially hyperbolic splitting whose 
center bundle splits into 1-dimensional subbundles, and the Lyapunov exponents of the pe¬ 
riodic orbits along each the center subbundle can be arbitrarily close to 0. Denote TLT the 
set of diffeomorphisms of Diff^(M) that exhibit a tangency. 

Corollary 1.5. f[22]l For -generic f £ Diff^(M) \ 'HT, a homoclinic class H{p) has a 
partially hyperbolic splitting = A® 0 Af © • • • © such that each of the center 

subbundles E( is neither contracted nor expanded and dim{Ef) = 1, for all i = 1, • • • ,k. 
Moreover, the minimal index of periodic points contained in H{p) is dim{E’^) or dim{E’^)-\-l, 
and symmetrically, the maximal index of periodic points contained in H{p) is d — dim{E^) 
or d — dim{E'^) — 1. For each i = 1, - ■ ■ ,k, there exist periodic orbits contained in H{p) with 
arbitrarily long periods with a Lyapunov exponent along E( arbitrarily close to 0. 

1.3.3 Lyapunov stable homoclinic classes 

Recall that an invariant compact set A C M is Lyapunov stable for /, if for any neigh¬ 
borhood Lf of A, there is another neighborhood V of A, such that /"(C) C U for all n > 0. 
We say that A is bi-Lyapunov stable, if A is both Lyapunov stable for / and for f~^. 

The following results are about C^-generic Lyapunov stable homoclinic classes. First, 
for C^-generic Lyapunov stable homoclinic classes, we can get a similar conclusion of Corol¬ 
lary [L4l under a weaker hypothesis. 
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Corollary 1.6. For -generic / G Diff^(M), if a homoclinic class H{p) is Lyapunov stable 
and has a dominated splitting Th{p)M = E Q) F such that dim{E) is larger than or equal to 
the largest index of periodic orbits contained in F[(p), then the bundle F is expanded. 

With the conclusion of Corollarv ll.61 we can give a positive answer to Conjecture [T] for 
bi-Lyapunov stable homoclinic classes. 

Corollary 1.7. For -generic f G Diff^(M), where M is connected, if a homoclinic class 
F[{p) is bi-Lyapunov stable, then we have: 

- either H (p) is hyperbolic, hence F[{p) = M and f is Anosov, 

- or f can be approximated by diffeomorphisms that have a heterodimensional cycle. 

From ^2l (or Corollarv ll.51) . we know that for C^-generic diffeomorphisms far away from 
tangencies, a homoclinic class has a partially hyperbolic splitting with all central bundles 
dimension 1. We have the following result about the index of periodic orbits for Lyapunov 
stable homoclinic classes. It is a direct corollary of Corollary II.61 and we omit the proof. 

Corollary 1.8. For -generic f G DiS^{M)\'HF, if a homoclinic class F[(p) is Lyapunov 
stable and assume M = i?® © iSf © • • • © £1^ © is the partially hyperbolic splitting, 
then the largest index of periodic points contained in H(j)) equals d — dim{E’^). 

1.4 Propositions for the proof of Theorem A 

To prove Theorem A, we have to use the following three propositions. Proposition [T] 
tells that for any hyperbolic periodic orbit orb(j)) and any invariant compact set AT of a 
diffeomorphism / linked by heteroclinic orbits, we can get a periodic orbit that spends a 
given proportion of time close to orb(p) and K by arbitrarily small perturbation. 

Proposition 1. Assume p is a hyperbolic periodic point of a diffeomorphism f G Diff^(M) 
with period r and K is an invariant compact set of f. Assume there are two points x,y G M 
satisfying that: 

- all periodic orbits in K are hyperbolic and p ^ K, 

- X G lF“(p) with w{x) n AT ^ 0, and y G IF®(p) with a{y) = K. 

Then for any neighborhood U of f in Diff^(M), any neighborhood Up of orb(p), and any 
neighborhoods Uk of K, there are two integer I and uq, such that, for any integers Tk, 

1. there is h GlA such that: 

- h coincides with f on orb{p) U orb~{x) U orb^ljj) and outside Uk; 

- the point y is on the positive orbit of x under h, with tl(or 6 (x, h) n Uk) > Tk and 
\){{orb{x, h) \ {Uk U Up)) < uq. 

2. for any m £ N, there is hm G U such that, 

- hm coincides with h on orb{p) and outside Up, 

- hm has a periodic orbit O, satisfying O \ Up = {orb{x, h)) \ Up, and [1(0 fl Up) £ 
{I + mr, I + TOT + 1, • • • , I + (m + 1 )t — 1 }. 

Remark 1.9. It is obvious that, in the settings of the proposition, if we change “uj{x)r\K 0 
and a{y) = K” to “a{y) fl AT 7 ^ 0 and uj(x) = K”, the conclusion still holds. 

Proposition [5] and [3] are in some sense doing an asymptotic connecting process from a 
point to an invariant compact set. Proposition[2]tells that if a point on the unstable manifold 
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of a periodic orbit satisfies that its positive limit set intersects an invariant compact set, 
then we can make its positive limit set contained in this invariant compact set by a small 
perturbation. Moreover, the perturbation will not change certain pieces of orbit. In fact, 
we can get the first property directly by the conclusions of m, but the second property is 
not a direct consequence. 

Proposition 2. (A modified case of Proposition 10 in [TT]^ Assume f is a diffeomorphism 
in Diff^(M). For any hyperbolic periodic point p of f, for any invariant compact set K, and 
for any point x G M, such that: 

- all periodic orbits in K are hyperbolic and p ^ K, 

- W'^{p) r\ K and a{x) C K, 

then, for any neighborhood U of f in DifF^(M), there are a diffeomorphism g gU, a point 
y G W'^{p,f), and an open set V containing orb~{x), such that g coincides with f on the 
set orb(p) U i^T U P U orb~ [y) and U}{y, g) C K. 

In the assumptions of the above two propositions, the point and invariant compact sets 
are linked by true orbits. However, Proposition [3] deals with the case that they are linked 
by pseudo-orbits which is more complicated. We use the technics of [Sin]. 

Proposition 3. Assume fo is a diffeomorphism in Diff^(M). For any neighborhood lA of 
/o in DifF^(M), there are a smaller neighborhood W of ff with W G U and an integer T, 
with the following properties. 

For any diffeomorphism f G W, considering an invariant compact set K, a positively in¬ 
variant compact set X and a point z G X, if the following conditions are satisfied: 

- all periodic orbits contained in K are hyperbolic, 

- all periodic orbits contained in X with period less than T are hyperbolic, 

- for any £ > 0, there is a e-pseudo-orbit contained in X connecting z to K, 

then for any neighborhood U of X\K, there is a diffeomorphism g GlA, such that: g = /|m \(7 
and ui[z,g) C K. Moreover, the distance between g and f can be arbitrarily small. 

Remark 1.10. (1) Proposition\^is not a direct corollary of Proposition\^ because we wish 
to keep the negative orbit of a point that accumulates to the invariant compact set unchanged 
after perturbation in Proposition [B 

(2) In Proposition\^ we can see that X Cl K IJ). Thus X \ K is not a compact set and 
we have that U C\K where U is the neighborhood of X \ K. 

1.5 Organization of the paper. 

In Section [21 we give some basic definitions and well known results that we will use in 
the proof. In Section |3l we give a slightly different version (Theorem B) of Theorem A, 
and we prove Theorem A using Theorem B. After, we give the proof of Theorem B from 
Propositions 1, 2 and 3 in Section |4l The proofs of Proposition 1, 2 and 3 will be given in 
Section mil] and [7] respectively. At last, we give the proofs of the applications of the main 
theorem in Section [H 

2 Preliminary 

In this section, we give some definitions and some well known results. Denote by Diff ^ (M) 
the space of C^-diffeomorphisms of M. 
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2.1 Hyperbolicity and dominated splitting 

Definition 2.1. Assume that / is a diffeomorphism in Diff^(M), A is an invariant compact 
set of / and A is a _D/-invariant subbundle of T\M. We say that the bundle E is (C, A)- 
contracted if there are constants C > 0 and A G (0,1), such that 

for all X G A and all n > 1. And we say that E is (C, X)-expanded if it is (C, X)-contracted 
with respect to f~^. If the tangent bundle of A has an invariant splitting T^M = E‘^ (B E'^, 
such that, E^ is (C, A)-contracted and A" is (C, A)-expanded for some constants C > 0 and 
A G (0,1), then we call A a hyperbolic set and dim{E^) the index of the hyperbolic splitting. 
Moreover, if a periodic orbit orb{p) is a hyperbolic set, then we call p a hyperbolic periodic 
point, and the dimension of the contracted bundle in the hyperbolic splitting is called 
the index of p, denoted by ind(p). 

Definition 2.2. For any point x G M, any number d > 0, we define the local stable set and 
local unstable set of x of size <5 respectively as follows: 

Wgix) = {j/ : Vn > 0, d(/”(x), /”(y)) < d; and lim„^+oo d{P{x), /"(y)) = 0}; 

Ws {x) = {y : Vn > 0, d(/"”(a:), /“"-(y)) < d; and lim„^+oo d(/“”(x), /“"(y)) = 0}. 

We define the stable set and unstable set of x respectively as follows: 

W'^ix) = {y : lim„^+oo d{P{x), /”(y)) = 0}; 

IF“(x) = {y : lim„^+oo d(/"”(x), f~^{y)) = 0}. 

Remark 2.3. (1) It is obvious that, for any 6 > 0, we have 

W^(x) =U„>o/-"(W'|(r(x))) 

and 

W“(x) =U„>o/”(VFJ^(/-”(x))). 

(2) To belong to a same stable set is an equivalent relation, thus two stable sets either 
coincide or are disjoint with each other. Similarly with the unstable set. 

For hyperbolic sets, the (local) stable (resp. unstable) set has the following properties, 
see for example m- 

Lemma 2.4. If A is a hyperbolic set and Tj^M = £’'*© E^ is the hyperbolic splitting, then 
there is a number d > 0, such that, for any x G A, the local stable (resp. unstable) set 
Wf{x) (resp. W'^fx)) is an embedding disk with dimension dim{E‘‘) (resp. dim{E^)) and 
is tangent to E‘^ (resp. E'^) at x. Moreover, the stable (resp. unstable) set W'^{x) (resp. 
W'^{x)) of X is an immersed submanifold of M. 

Definition 2.5. Assume that / is a diffeomorphism in DifF^(M) and p,q G M are two 
hyperbolic periodic point of /, we say p and q are homoclinically related and denote the re¬ 
lation hy p q, if W^{orh(p)) has non-empty transverse intersections with W^{orb{q)), and 
W‘^{orb{p)) has non-empty transverse intersections with IF“(or6(y)), denoted by W'^(orb{p)) iti 
W‘^{orb{q)) ^ 0 and {orb{p)) iti W^{orb{q)) 0. We call the closure of the set of periodic 
orbits homoclinically related to orb(p) the homoelinic class of p and denote it by i?(p, /) or 
II(p) for simplicity. 


Definition 2.6. Assume / G Diff^(M). An invariant compact set A of M is said to have an 
(to, X)-dominated splitting, if the tangent bundle has an Df-invariant splitting T\M = E®F 
and there are an integer to and a constant A G (0,1) such that 

P/™U(.)II-P/-'"If(/™.)II <A. 

We call dim{E) the index of the dominated splitting. Moreover, we say A has a partially 
hyperbolic splitting, if the tangent bundle has an invariant splitting T^M = A® © £1° © i?“, 
such that the two splittings (A®©iii®)©iii“ and A®©(A®©i?“) are both dominated splittings 
and, moreover, the bundle A® is contracted, the bundle expanded and the central bundle 
E'^ is neither contracted nor expanded. 

Remark 2.7. We point out here that if an invariant compact set A has two dominated 
splittings T\M = Ei® Ei = E 2 ® E 2 such that dim{Ei) > dim{E 2 ), then we have Ei C A 2 . 
Hence two dominated splittings on an invariant compact set with the same index would 
coincide. 

By EZ], there is always an adopted metric for a dominated splitting, that is to say, an 
(to, A)-dominated splitting is a (1, A)-dominated splitting by considering a metric equivalent 
to the original one. Also, it is obvious that an (to, A)-dominated splitting is always an 
(toA, A)-dominated splitting for any positive integer N. 

2.2 Recurrence 

We give some definitions of recurrence. 

Definition 2.8. For a diffeomorphism / G Diff^(M) and a number £ > 0, we call a sequence 
of points of M an e-pseudo orbit of f, if d{f{xi), Xi+i) < e for any i = a, a+1, • • • ,b— 

1, where —00 < a < b < 00 . An invariant compact set K is called a chain transitive set, if 
for any e > 0, there is a periodic e-pseudo-orbit contain in K and e-dense in K. 

Definition 2.9. Assume / G Diff^(M). We say a point y is chain attainable from x, if 
for any number e > 0, there is an e-pseudo orbit of / {xo,xi,--- ,x„) such that xg = x 
and Xn = y, and we denote it by a; H y. The chain recurrent set of a diffeomorphism 
/ G Diff^(M), denoted by R{f), is the union of the point x such that x is chain attainable 
from itself. 

It is well known that the chain recurrent set R{f) of / can be decomposed into a disjoint 
union of invariant compact ”undecomposable” sets. More precisely, we give the definition 
as the following. 

Definition 2.10. Assume / G Diff^(M). For any two points x,y G M, denote x ^ y if x 
is chain attainable from y and y is chain attainable from x. Obviously ~ is an equivalent 
relation on R{f), and an equivalent class of ^ is called a chain recurrence class. 

Definition 2.11. Assume / G Diff^(M) and A is an invariant compact set of /. We say that 
A is shadowable, if for any e > 0, there is d > 0, such that for any i5-pseudo orbit {xi}^^^ C A 
of /, where —00 < a < b < 00, there is a point y G M, such that d{p{jj),Xi) < e for all 
a < i < b. 

Now we give another definition of a relation, which is denoted by ©. 
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Definition 2.12. Assume / is a diffeomorphism in Diff^(M) and W is an open set of M. 
For any two points x,y € M, we denote x ^ y if for any neighborhood ?7 of a; and any 
neighborhood V of y, there are a point z G M and an integer n > 1, such that z G U and 
f^{z) G V. We denote x -<w y if for any neighborhood U of x and any neighborhood V of y, 
there is a piece of orbit (z, f{z), • • • , f^{z)) contained in W such that z G U and f^{z) G V. 
Moreover, let AT be a compact set of M, then we denote x < K (resp. x -<w K) if there is 
a point y G K, such that x ^ y (resp. x -<w y)- 

For the relation we have the following result, whose proof is similar to the proof of 
Lemma 6 in m- 

Lemma 2.13. Assume that K is an invariant compact set. Then for any two neighborhoods 
U 2 C Ui of K and any point y gUi satisfying y ^Ui K, there is a point y' G U 2 , such that 
y ^Ui y' -< 1/2 K o,nd the positive orbit of y' is contained in U 2 . 

It is obvious that x < y implies x -\ y, but the two relations are not equivalent. In [8], 
they have proved that for generic diffeomorphisms, the two relations are equivalent. 

Lemma 2.14. [S] For generic diffeomorphism f G Diff^(M), if x -\y, then x ^y. 

2.3 Pliss points and weak sets 

Definition 2.15. Assume that A is an invariant compact set of a diffeomorphism / in 
Diff^(M) and E is an invariant sub-bundle of T\M. For a constant A G (0,1), we call x G A 
an (m, X)-E-Pliss point, if for any integer n > 0, we have 

n —1 

nii^r™k/*™(.))ii<A". 

i=0 

Particularly, if m = 1, we call x a X-E-Pliss point for short. 

Definition 2.16. Consider a diffeomorphism / G Diff^(M), an invariant compact set K of 
/, an invariant sub-bundle E of TkM, an integer m and a constant A G (0,1). We say that 
K is an (m, X)-E-weak set, if for any point x G K, there is an integer Ux, such that 

ria; —1 

n lk/”^k/.™(.))ll>A-. 

i=0 

We denote Nx the smallest integer that satisfies the above inequality. Particularly, if m = 1, 
we call K a X-E-weak set for short. 

Remark 2.17. If K is an (m, X)-E-weak set, by the compactness of K, we can see that 
Nx is bounded by an integer Nk for all x G K. Also from the definition, we can see that 
an invariant compact set K is an (m, X)-E-weak set if and only if K does not contain any 
(m, X)-E-Pliss point. 

One can obtain Pliss points by the following lemma given by V. Pliss, see [38l 140) . 

Lemma 2.18. (Pliss lemma) Assume that A is an invariant compact set of a diffeomorphism 
f in Diff^(M) and E is an invariant sub-bundle ofT\M. For any two numbers 0 < Ai < 
A 2 < 1, we have: 
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1. There are a positive integer N = N{Xi, A 2 , /) and a number c = c(Ai, A 2 , /) such that 
for any x € A and any number n > N, if 

n—1 

l|-^/U(/*a:)|| < Al"", 

i^O 

then there are 0 < ni < 712 < • • • < n/ < n such that I > cn, and, for any j = 1, ■■■ ,l 
and any k = Uj + 1, ■ ■ ■ ,n, 

fc-i 

l|-^/U(/*a:)|| < ^2^ 

i^rij 

2 . For any point x G A, and any integer m, if for all n > m, 

n—1 

np/is(/..)ii<Ar, 

i^O 

then there is an infinite sequence 0 < ni < n 2 < • • • ^ such that 

k-l 

n p/k/..)ii<A 2 '=-"% 

i=nj 

for all k > Uj and all j = 1,2, • • •. 

Corollary 2.19. For a diffeomorphism f € Diff^(M) and an f -invariant continuous bundle 
E C Tf^M of an invariant compact set A, we have that, for any x S A; 

1. If X is an {m, X)-E-Pliss point, then there is a point y € u’(x), such that y is also a 
(to, X)-E-Pliss point. 

2. If for any y £ uj(x), there is an integer Uy € N, such that 

Uy-l 

n prU(/.™(,))ii<A"«, 

i =0 

then for any X' £ (A, 1), there are infinitely many (to, X')-E-Pliss points on orb~^{x). 

Proof By considering the diffeomorphism /™ instead of /, we can assume that to = 1. The 
proof of the general case is similar. 

(1) By item 2 of Pliss lemma, for any A' £ (A, 1), there are infinitely many A'-£i-Pliss 
points on orb'^(x). Take a limit point of these A'-Ai-Pliss points, denote it by y\>, then 
yy G uj{x) is a A'-S-Pliss point. We take a sequence of numbers (A„)„>i such that A„ G (A, 1) 
and A„ ^ A when n goes to infinity. Then for any n > 1, there is a A„-iii-Pliss point 
j/An G U!{x). Taking a subsequence if necessary, we assume {y\„)n>i converges to a point 
y £ uj(x). Then y is a A„-£i-Pliss point for any n > 1. Since A„ A, the point y is a 
A-Ai-Pliss point. 

(2) By the compactness of (jj{x), there is an integer N, such that Uy < N for any y £ uj{x). 
There is a constant C > 0, such that, for any y £ uj{x), we have 

n—1 

nii^/ii^(/%))ii<cA". 

2=0 
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Take a constant A' S (A, 1). Take three constants Ai < A 2 < A 3 contained in (A, A'). There 
is iV G N, such that CA” < A" for any n > N. There is e > 0, such that, for any two 

points Xi,X 2 G A, if d{f{xi), f{x 2 )) < e, then j[ < yy, for alH = 0,1, • ■ • ,N. By 


E(/*(«2))" 


considering an iterate of x instead of cc, we can assume that dH{orb+{x),uj{x)) < e, where 
dni', •) is the Hausdorff distance. Then for any n > 1, we have 


nN / y. \ nN 

nil^/l^^(/h-))ll<(CA^r f <A 

i=o A 1 / 


nN 

2 ■ 


v kN+j 


for all j = 


There is T > 0, such that, for any k > T, we have A 2 ^||iA/|p < Ag^ 

0,1, • • • , — 1. Then for any n > TN, assume n = kN + j, where 0 < j < N, we have 

n / kN \ 


nii^/i 


E{P{x))\ 




1=0 


\i=0 


Then by item 2 of Pliss lemma, there are infinitely many (m, A')-i5-Pliss points on orb'^{x). 


□ 


Definition 2.20. Assume that A is an invariant compact set of a diffeomorphism / in 
Diff^(M) and E is an invariant sub-bundle of Ti^M. We call two (m, A)-£1-Pliss points 
{f'^{x),f{x)) on a single orbit consecutive {m, X)-E-P\iss points, if n < 1 and for all n < 
k < I, f^{x) is not a (m, A)-iil-Pliss point. And if there is a dominated splitting T\M = E®F 
on A, we call x G A an (m, X)-bi-Pliss point, if it is an (m, A)-iil-Pliss point for / and an 
(to, A)-F-Pliss point for f~^. 

For Pliss-points, we have the following lemma. The technics of the proof can be found 
in many papers, for example |40] . 

Lemma 2.21. Assume A is an invariant compact set of a diffeomorphism f G Diff^(M) 
with an (to, X'^)-dominated splitting TyM = E ® F. We have that, for any X' G (A, 1); 

1. If a sequence of consecutive {m,X')-E-Pliss points (/”* (x^),(xi))i>o satisfies that 

— rij —>■ -foo, then, take any limit point y of the sequence {f^'{xi)), we have that y is 
a (m, X')-bi-Pliss point. 

2. If there are both (to, X')-E-Pliss points for f on or&^(x) and (to, X')-F-Pliss points for 
f~^ on orb~(x), then there is at least one {m,X')-bi-Pliss point on orb(x). 

3. If X G A is an (m, X')-E-Pliss point and there are no other (rn,X')-E-Pliss points on 
orb~(x), then x is also an {m,X)-F-Pliss point for f~^. Thus x is an (in, X')-bi-Pliss 
point. 

We have the following selecting lemma of Liao to get weak periodic orbits (see [35], [35]'). 

Lemma 2.22. (Liao’s selecting lemma). Assume f G Diff^(M). Consider an invariant 
compact set A with a non-trivial (to, X)-dominated splitting T\M = E (B F, and Xq G (A, 1), 
if the following two conditions are satisfied: 

- There is a point 6 G A, such that, for all n > 1, we have: 

n — 1 

2=0 
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- For any invariant compact subset K A, there is an (m, Xo)-E-Pliss point x € K. 
Then for any neighborhood U of A, for any Ai < A 2 contained in (Aq, 1), there is a periodic 
orbit orb{q) C U with period r(q) a multiple of m, such that, for all n = 1, ■ ■ ■ ,T{q)/m, the 
following two inequalities are satisfied: 


n — 1 


n 11^/" 


\E(r 


i=0 


and 


T{q)/m-l 

n 11^/" 


Hg))\\ < ^2 


> \r(q)/m-n+l 


\E{f'^{q))\\ ^ 


Particularly, one can find a sequence of periodic points that are homoclinic related with each 
other and converges to a point in A. Similar assertions for F hold with respect to f~^. 


2.4 Perturbation technics 

We give some tools for C^-perturbation. First is the famous Hayashi’s connecting lemma, 
see |29l 148) . The general connecting lemma deals with a single diffeomorphism and a given 
neighborhood. Here we give a uniform version that is valid to a neighborhood of a diffeo¬ 
morphism, see |45) . 

Theorem 2.23. (A uniform connecting lemma. Theorem A of [IS]) Assume that f is a 
diffeomorphism in DifF^(M). For any neighborhood lA of f in Diff^(M), there are three 
numbers p > 1, 60 > 0 and N G N, together with a neighborhood lAi G U of f in 
Diff^(M), that satisfy the following property: 

For any fi G Ui, any point z G M and any number 0 < 5 < Sq, as long as the N 
balls {fl{B{z,6)))o<i<N-i are pairwise disjoint and each is of size smaller than Jq (that 
is to say, fl{B{z,S)) C B{fl(z),6Q)), then for any two points x and y that are out¬ 
side the set A = Uo<i<Af-i'^))» */ ^'*^0 positive integers and Uy such 

that /"“(cc) G B{z,S/p) and f^ ”“(y) G B{z,S/p), then there are a diffeomorphism g G 
U and a positive integer m such that g^{x) = y and g = fi off A. Moreover, the 
piece of orbit {x, g(x), • • • , g^(x) = y} is contained in the set {x, /i(x), • • • , /"* (x)} U A U 
{Uj /r^(y)i ■ ■ ■ ! /i "“( 2 /)} the number m is no more than n^, -|- Uy. 

To control the perturbing neighborhood when connecting two points that are close, we 
have the following lemma, see [5]. 

Lemma 2.24. (Basic perturbation lemma). For any neighborhood U of a diffeomorphism 
f G DifF^(M), there are two numbers 0 > 1 and vq > 0 satisfying: for any two points 
x,y G M contained in a ball B(z,r), where r < rg, there is a diffeomorphism g GU, such 
that g{x) = fiy), and g coincides with f outside the ball B{z,9 ■ r). 

Definition 2.25. For a chart p :V —>• of M, we call a set C a cube of p if ‘p{C) is the 
image of [—a, aY by a translation of where a is the radius of the cube. If a cube with 
radius (1 -|-e)a and the same center of ip{C) is still contained in p{V), we denote by {l+e)C 
its pre-image of p. 

Definition 2.26. Consider a chart p ■. V ^ R.'^. A tiled domain according to the chart of 
(p is an open set U GV and a family C of cubes of ip (called tiles of domain), such that: 
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1 . the interior of the tiles are pairwise disjoint; 

2. the union of all tiles of C equals to U ; 

3. the geometry of the tiling is bounded, i.e. 

- the number of tiles around each point is uniformly bounded (by 2 '^), that is to say, 
there is a neighborhood for each point that meets at most 2 '^ tiles, 

- for any two pairs (C, C) of intersecting tiles, the rate of their diameters is uniformly 
bounded (by 2 ). 

By a standard construction, any open set U dV can be tiled according to the coordinates 
of (e.g. [3 [IS]). 

Definition 2.27. Assume / € DifF^(M). Consider a neighborhood 1/ C Diff^(M) and a 
number TV. A tiled domain (U,C) is called a perturbation domain of order N of if 

the following properties are satisfied. 

1. 17 is disjoint from its N first iterates of /. 

2. For any finitely many sequence of pairs of points {(xi,yi)}i<i<i in U, such that for 
any i = 1,2,-- - ,1, the points Xi and yi are contained in the same tile of C, then there 
exist: 

- a diffeomorphism g dU, that coincides with / outside Uo<z<w-i 

- a strictly increasing sequence 1 = uq < ni < • • • < rife < 1, such that {xm) = 

for any i k, and g^(x„J = /^(yi). 

The union Uo<i<Af-i/*(^) called the support of the perturbation domain (U,C) and 
denoted by supp(U). 

Definition 2.28. A pseudo-orbit (xo,a:i, • • • ,xi) is said to keep the tiles of a perturbation 
domain (17, C) of order N of {f,h{), if the intersection of the pseudo-orbit and supp{U) is 
a union of segments Xni,Xni+i, - ■ ■ ,Xni+N-i of the form that Xm d U and for any j = 
1,2, ■ ■ ■ , N — Xm+j = f^iyui), where Pm is a point contained in the same tile of C as 
Xm- A pseudo-orbit {xq,xi,--- ,Xk) is said to have jumps only in tiles of a perturbation 
domain (17,C) of order N of {f,U), if it keeps the tiles and for any Xi ^ supp{U), we have 
Xi+i = f{xi). For a family of perturbation domains {Uk,Ck)k>o of order Nk of {f,Uk) with 
disjoint support, we say that a pseudo-orbit (xo,xi, ■ ■ ■ ,xi) has jumps only in tiles of the 
perturbation domains {Uk,Ck)k>o, if it keeps the tiles of the perturbation domains and for 
any Xi ^ IJ^. supp{Uk), we have Xi+i = f{xi). 

By the proof of connecting lemma in (3 , the perturbation domain always exists (see also 
Theoreme 2.1 of [ 8 ] and Theoreme 3.3 of [l9])- 

Theorem 2.29. (Another statement of the connecting lemma) For any neighborhood U of 
f, there is an integer N > 1, and for all point p d M, there is a ehart tp : V ^ sueh 
that any tiled domain (17, C) according to ip disjoint from its N first iterates is a perturbation 
domain of order N for {f,U). 

From the definitions above, we can get the following lemma easily. 

Lemma 2.30. (Lemme 2.3 of |5|) For a family of disjoint perturbation domains {Uk, Ck) of 
order Nk of {f,Uk) with disjoint support, if there is a pseudo-orbit (p = po,pi, ■ ■ ■ ,Pm = q) 
that has only jumps in the tiles of {Uk,Ck)k>o ond po,Pm ^ C/fe U • • • U f^'’~^{Uk) for all 
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k > 0, then for any i, there is gi € Ui and a new pseudo-orbit (p = p'g, ■ ■ ■ ,p'^, = q) of pi that 
has only jumps in the tiles of domains (Uk,Ck)k>o,k^i- Moreover, pi = f\M\(Uiij---ijf^i-^{Ui)) 
and {p'q, ■ ■ ■ ,p'j^,} \{UiU---U f^'~'^{Ui)) C {pq,Pi, ■ ■ ■ ,Pm}, and m' < m. 

2.5 Topological towers 

In this subsection, we introduce two lemmas of [ 8 ] that are useful to get a true orbit by 
perturbing a pseudo-orbit. These two lemmas are the key tools in the proof of Proposition[3l 
First we give the following lemma that is useful to choose perturbation neighborhoods. In 
fact, it is a general result of Lemma 3.7 in [ 8 ], but one can get the conclusion directly from 
the proof in [ 8 ]. 

Lemma 2.31. There is a constant > 0 (which only depends on the dimension d of 
M) satisfying the following property: assume N > 0 is an integer and W and V' are two 
compact sub-manifolds with boundary of M of dimension d, if V is disjoint from its 
first iterates, then, for any neighborhood Ui ofW' and any neighborhood U 2 of V, there is 
an open set S, such that: 

1. p'cur=^/“i*5). 

2 . S = W , where W and V satisfy the following: 

- IF' C IF C Ui; 

- V is contained in U 2 U /(C/ 2 ) U • • • U /''‘'^(C/ 2 ) and disjoint from its N first iterates. 

-TFn(u;i_^r(F))= 0 . 

Then, we give a lemma of [ 8 ] for the construction of what they called topological tower 
(see Theoreme 3.1 and Corollaire 3.1 in [ 8 ]). Denote by PerNoif) the set of periodic orbits 
contained with period less than Nq, 

Lemma 2.32. (Topological Tower^ There is a constant Kd > 0 (which only depends on the 
dimension d of M), such that, for any No G N, any constant 6 > 0, any compact set K of 
f G Diff^(M) that does not contain any non-hyperbolic periodic orbits with periods less than 
KdNo and any neighborhood Uq of K, there exist an open set V and a compact set D G V, 
satisfying the following properties: 

1. For any point x G K with x ^ UpePerN (/) ^^P)’ there is n > 0, such that /”(a;) G 
int{D). 

2. The sets V, /(F), • • • , f^°{V) are pairwise disjoint. 

3. The set V is contained in Uq U /(C/q) U • • • U f'^'^^°{Uo). 

Moreover, the diameter of all connected components of V can be arbitrarily small. 

Remark 2.33. (1) In the lemma is stated for an invariant compact set K, and the third 
property is not stated. But from the proof of the existence of topological tower, we can see 
that it is also true for non-invariant compact sets and also the third property is true. 

(2) IFe explain a sketch of the proof of Lemma \2.32\ Take Kd to he the constant in 
Lemma \2.31[ First, one can take a compact sub-manifold Uq of M with boundary that is 
disjoint from its first Nq iterates, such that, any point in a small neighborhood O of Per]\[g{f) 
that is not on the local stable manifold of PerNoif) has a positive iterate in Uq. Then one 
can take a finite cover of the compact set K\0 by open sets that are disjoint from their first 
KdNo iterates (generally, they are not disjoint from each other). Finally, by Lemma \2.31[ 
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one can construct an open set that is disjoint from its first Nq iterates by a finite induction, 
such that, any point that is not on the local stable manifold of PerNoif) has a positive iterate 
in it. 

2.6 Generic properties 

A set i? of a topological Baire space X is called a residual set, if R contains a dense Gs 
set of X. We say a property is a generic property of A, if there is a residual set i? C A, such 
that each element contained in R satisfies the property. We give some well known C^-generic 
properties of diffeomorphisms in the following lemma. These results can be found in many 
papers like [UlllilEg]. 

Lemma 2.34. There is a residual set TZ in DifF^(M) of diffeomorphisms, such that any 
f € TZ satisfies the following properties: 

1. The diffeomorphism f is Kupka-Smale: all periodic points of f are hyperbolic and the 
stable and unstable manifolds of periodic orbits intersect transversely. 

2. The periodic points are dense in the chain recurrent set and any chain recurrence class 
is either a homoclinic class or contains no periodic point. 

3. For a periodic point p of f, there exists a -neighborhood U\ of f, such that every g S 
UiOTZ is a continuity point for the map g ^ H(jpg,g) where Pg is the continuation of 
p for g, where the continuity is with respect to the Hausdorff distance between compact 
subsets of M. 

4 . If H(p) is a homoclinic class of f, then there exists an interval [a,/3] of natural numbers 
and a -neighborhood U 2 of f, such that for every g € U 2 , the set of indices of 
hyperbolic periodic points contained in H(pg,g) is [a,fi\. Also, all periodic points of 
the same index contained in H{p) are homoclinically related. 

5. If a homoclinic class II{p) contains periodic orbits with different indices, then f can 
be approximated by diffeomorphisms having a heterodimensional cycle. 

6. If a homoclinic class H{p) is Lyapunov stable, then there is a neighborhood of 
f, such that for any g &UzC\TZ, the homoclinic class II{pg,g) is also Lyapunov stable. 

3 Norm of products and product of norms: reduction 
of the proof of Theorem A 

Theorem A essentially follows from the theorem below. 

Theorem B. For -generic f G Diff^(M), assume thatp is a hyperbolic periodic point of f 
and that the homoclinic class H(p) has a dominated splitting Tu(^p-)M = E(BF, with dimE < 
ind{p), such that the bundle E is not contracted. Then there are a constant Aq £ (0,1), an 
integer mg £ N, satisfying: for any m £ N with m > mg, any constants Ai,A 2 £ (Ag, 1) 
with Ai < A 2 , there is a sequence of different periodic orbits Ok = orb{qk) with period T{qk) 
contained in II(P), such that 

0<i<T(qk)/m 
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From Theorem B, we can get periodic orbits that have certain controls of the product 
of norms along the bundle E. To control Lyapunov exponents of the periodic orbits, we 
have to control the norm of products along the bundle E. We have to use the following two 
lemmas. The first is a perturbation lemma for matrixes to control exponents, see [El [38] 
(also see (HU I5i]b 

Lemma 3.1. For any integer d > 1, K > 1, any constant e > 0 and A > 0, there 
are two integers N and tq, such that for any Ai,--- ,At in GL{d,M.) with r > tq, and 
maxi<i<r{\\Ai\\, ||A“^||} < K, if 

H m(i+l)iV • • • AiN+2AiN+l II > A'^, 

0<i<r/7V 


then, there are Bi, ■ ■ ■ ,Br in GL(ci,M), with \\Bi — Ai\\ < e and \\B- ^ — A^^\\ < e, for all 
i = 1 , • • • , r, such that the maximal norm of eigenvalue of B-r o ■ ■ ■ o B 2 o Bi is bigger than 

A. 

Remark 3.2. In ^19f . it is presented for the constant A = 1. //A ^ 1, then by considering 
A' = X~^Id o Ai and applying the special case for the constant 1, we can get the general 
statement as above. 

Corollary 3.3. For any integer d > 1, K > 1, any constant £ > 0 and Ai < A 2 , there 
are two integers N and tq, such that for any Ai,--- ,At in GL{d,M.) with r > tq, and 
maxi<i<r{\\Ai\\, ||A“^||} < K, if 

A[ < n \\A(i+i)N ■ • ■ Ai]\[+2AiN+l\\ < A 2 , 

0<'i<r/A^ 


then, there are Bi, ■ ■ ■ ,Br in GL{d,R), with \\Bi — Ai\\ < e and \\B^ ^ — A, ^|| < e, for all 
i = 1, ■■ ■ ,T, such that the maximal norm of eigenvalue of Bt o ■ ■ ■ o B 20 Bi is in the interval 
(Ai, A 2 ). 

Proof. We take e small enough such that, for any A G GL(d,R), if ||^“^|| < E, then 
B(A, s) G GL{d, M), where B{A, e) is the £ ball of A. By the assumption of Ai, we have that 
the maximal norm of eigenvalue of At. o ■ ■ ■ o A 2 o Ai is smaller than A 2 . By Lemma l3.11 we 
can get B^, ■ ■ ■ , B^ in GL{d, K.) that satisfies the conclusion for the number Ai. We take a 
path Ai^t\o<t<i contained in B{Ai,£) that connects Ai to B^. We have that the maximal 
norm of eigenvalue of o • • • o o Rj* is bigger than Ai. Then there must be a time 
0 < t < 1 , such that the maximal norm of eigenvalue of A^^t o ■ ■ ■ o ^ 2,4 o Ai^t is in the 
interval (Ai, A 2 ). We take Bi = Ai^t and get the conclusion. □ 

The next lemma is a generalized Frank’s lemma by N. Gourmelon that preserves some 
pieces of invariant manifolds of hyperbolic period orbits, see [28] . 

Lemma 3.4. Consider a constant e > 0, a diffeomorphism f G Diff^(M) and a hyperbolic 
periodic orbit O = orb{q) of f with period t. Assume there is a one-parameter family of 
linear maps {Ant)n=o 1 ■■■ r-i-te[o 1 ] GL(d,M.), satisfying: 

- (!) A„,o = Df{r{q)), ’ 

- (2) for all n = 0,1, • • • , r — 1 and t G [0,1], we have \\Df{f^{,q)) — An t|| < £ and 
\\Df-\r{q))-Afl\\<e, 
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- (3) Ar-i,t o • • • o is hyperbolic for all t € [0,1]. 

Then, for any neighborhood V of O, any <5 > 0, and any pair of compact sets K'^ C [O, f) 
and C Wg{0,f) disjoint from V, there is a diffeomorphism g € Diff^(M) that is e-C^ 
close to f, such that: 

(а) g coincides with f on O and outside V; 

( б ) C W^{0,g) and C Wf^{0,g); 

(c) Dg{g'^{q)) = Dg{f^{q)) = for all n = 0, ■■ ■ , r - 1. 

Now we give the proof of Theorem A from Theorem B. 

Proof. By Theorem B, we get two constants Aq € (0,1) and toq € N. We prove that for any 
Ao < Ai < A 2 < 1 and any e > 0, there is a diffeomorphism g that is C^-e close to / and g 
has a periodic orbit orb{q) homoclinic related to Pg such that the largest Lyapunov exponent 
along E of orb{q) is in the interval (log Ai, log A 2 ). Then by the genericity of / and Lemma 
2.1 of [26], / itself has such periodic orbits. Since Ai can be taken arbitrarily close to 1, we 
get the conclusion of the Theorem A. Take d = dim{M) and K = TOaa::{||iA/||, ||iA/“^||}. 
Now we hx the constants £ and Ai < A 2 in (Aq, 1). By Corollarv l3.31 we get two integers N 
and tq. 

By Theorem B, there is a periodic orbit orb{q) of / with period t > tq that is homoclin- 
ically related to orb{p), such that, 

-^1^ < n \\Df'^\E{p’-^(q))\\ < A 2 ’’, 

0 < 2 <r /m 

where m > mg is a multiple of N. Denote Ai = for i = 0, • • • ,t — 1. Since E(BF is 

a dominated splitting, the two bundles E and E are transverse with each other, thus there 
is a lower bound of the angle between E and E. By Corollary 13.31 there are Bq, • • ■ , Br-i 
in GL(c?,]R), with \\Bi — Ai\\ < e and \\B~^ — A~^\\ < e, for all i = 0, ••• ,t — 1, such 
that, Bi coincides with Ai along the bundle E and the maximal norm of eigenvalue of 
Br-i o ■ ■ ■ o Bio Bq along the bundle E is in the interval (Ai, A 2 ). We take a path Ai_t|o<t<i 
contained in B{Ai,e) that connects Ai to Bi such that Ai^t coincides with Ai along the 
bundle F for all * = 0, • • • , r — 1 and all t G (0,1). If there is a time t G (0,1) such that 
A,-_i^ 40 - ■ • Agy is not hyperbolic, then there must be a time tg < t, such that A,-_i_sO- • • Aq,® 
is hyperbolic for all 0 < s < tg, and the maximal norm of eigenvalue of Ar-i^to o ■ ■ ■ Ag^to 
along the bundle E is in the interval (Ai,A 2 ). Otherwise, we can take tg = 1 

Take a small constant 5 > 0, since orb{q) is homoclinically related to orb(j)), there exist 
two points X G Wg{orb{q)) rti W'^{orb{p)) and y G W^(orb(q)) rfi W^(orb(p)). We take 
a pair of compact sets AT® C Wg(orb(q)) and K" C W^(orb(q)) such that x G F® and 
y G AT". Then we take a neighborhood V of orb{q) such that V O (AT® U A'") = 0 and 
V n (orb~ (x) U orb'^ (y)) = 0. By Lemma l3.41 considering the one-parameter family of linear 
maps {Ai^t)i=g,... ,r-i;tG[o,to]) there is a diffeomorphism g that is C^-£ close to /, such that: 
(a) g coincides with / on orb(q) and outside V ; 

(&) AT® C WHorb(q),g) and A'“ C WY(orb{q),g)] 

(c) Dg{g^{q)) = Dg{f{q)) = A,^to for alH = 0, • • • , r - 1. 

Then x G Wg{orb{q), g) 0 W'^{orb{p),g) and y G W^{orb{q),g) 0 {orb{p), g), and by 
another small perturbation if necessary, we can assume that the two intersections are trans¬ 
verse. Then the two periodic orbits orb{q) and orb{p) of g are still homoclinically related 
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with each other, and the largest Lyapunov exponent of orb[q) along the bundle E under 
the diffeomorphism g is in the interval (logAi,logA2). This finishes the proof of Theorem 

A. □ 

4 Non-hyperbolicity implies existence of weak periodic 
orbits: proof of Theorem B 

This section will give the proof of Theorem B. We assume that IZ is the residual set of 
Diff^(M) stated in Lemma [2.341 and / G 7^ is a diffeomorphism that satisfies the hypothesis 
of Theorem B. Later we will assume also that / belongs to another two residual subsets 
and TZi defined below. 

Since E (B F is a dominated splitting and dimE < ind{p), we have that: there are 
Ao G (0,1) and mo G N, such that, for any m > mo, the splitting E(BF is (m, AQ)-dominated, 
and, for the hyperbolic periodic orbit orb(j)), 

where t(p) is the period of orb{p). In the following, we fix m > mo- In order to simplify the 
notations, we will assume that m = 1 and that p is a fixed point of /, but the general case 
is identical. 

4.1 Existence of weak sets 

Lemma 4.1. For any A G (Ao, 1), there is a X-E-weak set contained in H(p). 

Proof. Since E is not contracted, there is a point b G El(p), such that, for any n > 1, 

n—1 

n \\Df\EUBb))\\ ^ 1- 

i=0 

Then the first assumption for the bundle E in Lemma [2.221 is satisfied. 

Assume by contradiction that there is a constant A G (Ao, 1), such that there is no A- 
A-weak set contained in H{p). Thus the seconde assumption in Lemma [2.221 is satisfied for 
the bundle E and the constant A. Hence, for any Ai,A 2 G (A, 1) with Ai < A2, there is a 
sequence of periodic orbits orb{qk) with period T{qk) that are homoclinically related with 
each other and that converges to a subset of II{p) such that for any k > 0, the following 
properties are satisfied: 

Ar(^^)< n P/U(/h..))ii< 

0<i<T{qk) 

Then H{p) = H{qk) by item 2 of Lemma (2.341 hence qk G H{p). It is obvious that orb{qk) 
is a Ai-A-weak set contained in H{p), thus is also a A-A-weak set. This contradicts the 
assumption that there is no A-A-weak set contained in H{p). □ 
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4.2 Existence of a bi-Pliss point accumulating backward to an E- 
weak set 

From now on, we fix any two numbers Ai < A 2 in (Aq, 1). Then there is a A 2 -i?-weak 
set contained in H(p). By the domination, any A 2 -F^-weak set K is (C, Aq, F')-expanded 
for some constant C > 0 depending on K. By [81] . any point x € K has a uniform local 
unstable manifold with a uniform size depending on K. 

We extend the dominated splitting E (B F to the maximal invariant compact set of a 
small neighborhood U of H{p) and denote it still by i?©F. We take a constant A 3 S (A 2 ,1). 

Lemma 4.2. There are a X^-E-weak set K, and a X^-bi-Pliss point x G H(j))\K satisfying: 
a{x) = K. 

It is obvious that any compact invariant subset of a A 2 -i?-weak set is still a A 2 -i?-weak 
set. So we only have to prove that: there are a X^-E-weak set K, and a Xs-hi-Pliss point 
x G P[{p)\K satisfying: a{x) C K. 

Proof. By Lemma HTTl there exists a X 2 -E-weak set in H{p). To prove this lemma, we con¬ 
sider two cases: either all the X 2 -E-weak sets are uniformly E-weak or not. More precisely, 
if we take the closure of the union of all X 2 -E-weak sets contained in H{p), and denote it 
by K, then there are two cases: either K is still a A 2 -Fl-weak set or not. 

4.2.1 The uniform case: IF is a A 2 -i?-weak set 

In this case, K is the maximal X 2 -E-weak set in H{p) and we will take K = K. 

Claim 4.3. K is locally maximal in H{p). 

Proof. We prove by contradiction. Assume that K is not locally maximal in H{p). Take a 
decreasing sequence of neighborhoods {Un)n>o of K, such that CinUn = K. Then for any 
n > 0, there is a compact invariant set Kn C H H{p) such that K C Kn- Since K is the 
maximal X 2 -E-wea\^ set in H{p), we have that Kn is not a A 2 -i?-weak set, thus there is a 
A 2 -A-Pliss point G Kn. Take a converging subsequence of (pn), and assume y is the limit 
point. Then we have that y G K and y is a A 2 -i?-Pliss point. This contradicts the fact that 
AT is a X 2 -E-weak set. □ 

Since K is locally maximal in H{p), there is a neighborhood U oi K such that K is 
the maximal compact invariant set contained in U C] El (p). Then there is a point z G 
{U n El{p))\ K, such that a{z) C K. 

Claim 4.4. There exists at least one X 2 -E-Pliss point contained in uj(z). 

Proof. We proof this claim by absurd. If uj{z) contains no A 2 -A-Pliss points, by item (1) 
of Corollary 12.191 orb{z) U w(z) contains no A 2 -A-Pliss points. Then K U orb{z) U uj{z) is 
a A 2 -A-weak set, which contradicts the maximality of A 2 -A-weak set K since z ^ K. Thus 
oj{z) contains at least one A 2 -A-Pliss point. □ 

Since K is a A 2 -£'-weak set, by the domination, for any point w £ K, there is an integer 
riu,, such that nr=o~^ ll^/~^b(/-qu)))II < (^) < Aq"”. By item 2 of Corollary |2.191 

considering the bundle F, there are infinitely many Ai-A-Pliss points for f~^ on orb~ (z). We 
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take all the Ai-F-Pliss points {/"‘(-z)} with > Ui on orb{z) and consider the following 
two cases: 

- (a) either the sequence (rii) has an upper bound or (rii+i —Ui) can be arbitrarily large; 

- (b) the sequence (rii) has no upper bounds and {rii+i — rii) is bounded. 

Claim 4.5. In case (a), there exists a \ 2 -E-Pliss point y S H{p), such that, for any d > 0, 
there is Ui G Z, satisfying /”* (z)) < S. Thus, hy taking 6 small enough, we can take 
X G VP“(/"'*(z)) n such that x is a X^-bi-Pliss point. 

Proof. If the sequence {ui} has an upper bound, we take the maximal n^. That is to 
say, f^'{z) is a Ai-F-Pliss point for /“^, and, there is no Ai-P"-Pliss point for f~^ on 
or 6 +(/"*(z)). By item 3 of Lemma l2.211 we have that f'^'{z) is also a Ai-i?-Pliss point, thus 
/"* (z) is a Ai-bi-Pliss point. We take x = y = /"* (z) in this case. 

Otherwise, the sequence {ui} has no upper bounds but (ui+i — Ui) can be arbitrarily 
large. By item 1 of Lemma 12.211 we can take a subsequence of {rii} such that /"‘(z:) 
converges to a Ai-bi-Pliss point y G w(z). Then for any i5 > 0, we can take rii large enough, 
such that d{y,f^*{z)) < 6, and moreover, we can take x G W'^{f^'z) D IT®(j/), such that, 
d{f^(x), f^y)) < S and d{f~^{x),f~^f^'z)) < 6, for all j > 0. Thus by taking taking <5 
small enough, x is a Aa-bi-Pliss point. □ 

Claim 4.6. In case (b), there is a \ 2 -E-Pliss point y G uj{z), such that, there is n € N, 
satisfying lT“(/"(z)) r\W^{y) 7 ^ 0. Thus we can take a point x G IT“(/"’(z)) r\W'^{y), such 
that orb{x) contains some X^-bi-Pliss point. 

Proof. In this case, there are infinitely many Ai-T’-Pliss points for f~^ on orb'^(z), and the 
time between any consecutive Ai-T’-Pliss points for f~^ on orb'^{z) is bounded. Then for any 
point w G or 6 +(z), there is an integer G N, such that nr=o~ \\d^f~^\E{f-'{w))\\ < A"”. 
Hence or 6 +(z) is a positive invariant f-expanded compact set, and any point w G or 6 +(z) 
has a uniform unstable manifold. By Claim there is a A 2 -£i-Pliss point y G w(z). For 
any A > 0, there is n G N, such that, d{y,f"‘{z)) < S, and IT“(/"(z)) fl W^{y) 7 ^ 0. We 
take X G W^{y) n IF“(/"’(z)). Then a{x) = a{z) and by item 2 of Corollary 12.191 there are 
Aa-F-Pliss points for f~^ on orb~{x). Also by taking 5 small enough, d{f^{x), P{y)) can be 
small for all i > 0. Since j/ is a A 2 -F-Pliss point, we can take x to be a Aa-F-Pliss point. 
Then, by item 2 of Lemma [2.211 there exists a Aa-bi-Pliss point on orb{x), we assume that 
X is such a point. □ 

From the above two claims, we get a Aa-bi-Pliss point x G H{p), such that a{x) C K. 
We have to show that x ^ K. Notice that in the two cases, we both have uj{x) = uj{y) where 
y is a A 2 -F-Pliss point. By item 1 of Corollary 12.191 w(x) contains some A 2 -F-Pliss point. 
Since K contains no A 2 -F-Pliss point, we have that x ^ K. 

4.2.2 The non-uniform case: K is not a A 2 -F-weak set 

Claim 4.7. In this case, for any number L > 0 there are a X 2 -E-weak set K and a point 
z € K, such that z is a Xi-E-Pliss point for f~^, and, Nz > L, where Nz is taken as in 
Definition \2.16i 
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Proof. Since K is not a X 2 -E-weak set, then for any number L > 0 there is a X 2 -E-weak 
sets K, and a point z G K, such that Nz > L, that is to say, for 1 < n < 

n—l 

\\Df\E{piz))\\ < ^ 2 , 


and 

iV^-l 

i=0 

We only have to show that we can choose z to be a Ai-F-Pliss point for f~^. Since K is 
a X 2 -E-weak set, similarly to the arguments above, by item 2 of Corollary 12.191 there are 
Ai-F-Pliss points for f~^ on orb~{z). If z is not a Ai-F-Pliss point for f~^, we can take the 
minimal number I G N such that w = is a Ai-P"-Pliss point for We claim that 

Nw > Nz + I > L. Hence if we replace z by w, we get the conclusion of the claim. To proof 
this, we only have to show that for any 1 < n < I, 

n—l 

i^O 

We prove this by absurd. If the above statement is not true, then there is an integer 
A: G {1, 2, • • • , /}, such that 

k-l 

nii^/ii^(pw)ii >^2, 

i=0 

and for any 1 < n < fc, 

n—l 

nii^/ii^(pw)ii<^2- 

i^O 

Thus, we have, for any 1 < n < A:, 

n /k—1 \ /k—n—1 \ 

n \\Df\EiP-Hu,))\\ = n \\Df\Eir(u,))\\ / n ii^/U(P(-))ii > ^ 2 - 

\i=0 / \ i^O / 

By the domination oi E ® we have, for all 1 < n < A: 


n 


2=0 


WDf- 




< < A 

A 2 


1 • 


Moreover, since re is a Ai-T'-Pliss point for / we will have, for any n > 1, 


n — l 


nii^r'k/-^w)ii <A?. 

i=0 


Thus f^{w) = f is a Ai-F-Pliss point, contradicting the choice of w. This finishes 

the proof of Claim 14.71 □ 
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By taking L large enough, the point z in Claim 14.71 can be arbitrarily close to a A 2 - 
iii-Pliss point y ^ K. Since z has a uniform local unstable manifold and y has a uniform 
local stable manifold, when we take these two points close enough, W’^{y) C kk“(z) ^ 0. 
Similar to the arguments in the proof of Case (b) of Case 1, we can take a Aa-bi-Pliss 
point X £ n kP“(z) such that, x € H{p)\K and a{x) C K. This finishes the proof 

of Lemma l4.2l □ 

4.3 Continuation of Pliss points 

Denote by F the space of all finite subsets of M and by M. the space of all compact 
subsets of M, associated with the Hausdorff topology. Denote by S the space of all finite 
subsets of X Ad associated with the Hausdorff topology. For any positive integer N 
and a diffeomorphism g G Diff^(M), denote by Per Nig) the set of periodic points of g 
with period less than or equal to N, and denote by C{q,g) the chain recurrence class of a 
periodic point q of g. It is well known that for any > 1, there is a dense and open subset 
Un C Diff^(M), such that, for any g G Un, the set PerN{g) is a finite set and any point 
q G Per Nig) is a hyperbolic periodic point. 

We define a map ^n '■ Un *5, sending a diffeomorphism g to the set of pairs 
iq, Px^ iq, g)), where q G Per Nig), and Px^ (g, g) is a compact set contained in Ciq, g) defined 
as following: 

- The set Px^iqig) is the set of As-iJ-Pliss points contained in Ciq,g), if Ciq,g) has a 
Ag-dominated splitting E Q) F such that dimiE) = indiq). 

- The set Px^ iq, 5 ) = 0 if otherwise. 

Lemma 4.8. For each positive integer N gN, the set of continuity points of ^n, denoted 
by Bn, is a residual subset o/Diff^(M). 

Proof Assume g G Diff^(M) and Pg is a hyperbolic periodic point of g. There is a C^- 
neighborhood U of g, such that, for any h gU, the point Pg has a continuation ph- For any 
neighborhood V of Ciq,g), there is a C^-neighborhood Ui dU of g, such that Ciq,h) C V 
for any h gUi. 

If Ciq,g) has a Ag-dominated splitting, then it is a robust A§-dominated splitting. More 
precisely, there is a C^-neighborhood U 2 C U of g, such that Ciqh,h) has a Ag-dominated 
splitting for any h G U. Hence by the choice of Un, there is an open and dense subset 
U'jg C Un, such that, for any g G any q G PerNig), the chain recurrent class Ciq, g) either 
has a robust Ag-dominated splitting or has no Ag-dominated splitting robustly. Moreover, if 
there is a sequence of diffeomorphisms {gn}n>o such that gn converges to g, and gn has a 
Ag-A-Pliss point Xn G Ciqh,h), then, any limit point x of the sequence {xn} is a Ag-A-Pliss 
point of g. 

By the above arguments, we can see that <i>jv is an upper-semi-continuous map restricted 
to lA'jq. It is known that the set of continuity points of a semi-continuous map is a residual 
subset. Then Bn contained a residual subset of U'jg. Since U'jg is open and dense in Un, we 
know that Bn is a residual subset of Un- Hence Bn is a residual subset of Diff^(M), since 
Un is open and dense in Diff^(M). □ 

Denote by TZq = dN>iBN, then T^g is a residual subset of Diff^(M). In the following we 
take f gTZqCMZ. 
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4.4 The perturbation to make Vk“(p) accumulate to K 

We take the X 2 -E-weak set K <Z H(j)) oi f obtained by Lemma [4.21 By proposition [21 
one can obtain a heteroclinic orbit connecting p to if by a perturbation, since K C H{p). 
Hence the set K is still a \ 2 -E-weak set if the perturbation is small. Moreover, using 
the continuation of Pliss points ISection 14.21 and IT^ . we can guarantee that the set K is 
contained in the chain recurrence class of p after the perturbation. 

Lemma 4.9. Assume f G TZoCiTZ, then for any neighborhood lA of f in Diff^(M), there are 
a diffeomorphism gi GU and a point y G M, such that, 

- (1) gi coincides with f on the set K U orb(p), and y G W“(p, 51 ), 

- (2) w(?/, 5 i) C K, 

- (3) K is contained in C{p,gi). 

Proof. By Lemma l4.21 we obtain that, for the diffeomorphism /, there is a Aa-bi-Pliss point 
X e E[{p) \ K satisfying: a{x) = K. Since K C E[(p), we have that K C W“(p). By 
Proposition 121 for any neighborhood W of / in Diff^(M), there are a point y G W^{p,f) 
and a diffeomorphism gi G U, such that oj{y,gi) C K, and y G W“(p,pi). Moreover, the 
diffeomorphism gi coincides with / on the set orb~ (x) U i^T U orbfp) and Dgi coincides with 
Df on orb~{x). Thus items (1) and (2) are satisfied, and x is a Aa-f-Pliss point for gf^. 

Since p is a hyperbolic fixed point and and x G Pxs (p, /), by Lemma iLSl and the fact that 
/ is a continuity point of $ 1 , if we choose gi close enough to / (by taking the neighborhood 
U small), then there is a Aa-i?-Pliss x' close to x, such that x' G C(p,gi). Moreover, if x' 
is close enough to x (by taking gi close to /), then lV’^(x,gi) fl lV^(x',gi) ^ 0. Hence 
K ez C{p,gi). This finishes the proof of Lemma 221 CH 

4.5 The perturbations to connect p and K by trne orbits 

In this subsection, we prove that we can get heteroclinic connections between the hyper¬ 
bolic fixed point p and the weak set K for a diffeomorphism close to /. In the former 
subsection, we have got a diffeomorphism gi that is close to /, and an orbit orb(y) that 
connects p to K. Moreover K is still contained in the chain recurrence class of p for gi. We 
take two steps to get heteroclinic connections between p and K. First, since K C C(p,pi), 
by Proposition 3, we can connect K hy a true orbit to any neighborhood of p by a small 
perturbation. Then, by the hyperbolicity of p, we use the uniform connecting lemma to 
“push” this orbit onto the stable manifold of p. We will see that in these two steps, the 
orbit orb(y) that connects p to IF is not changed. 

Lemma 4.10. Assume f G TZo H TZ, then for any neighborhood lA of f in Diff^(M), there 
are a diffeomorphism g 2 GlA and two points y, y' G M, such that, 

- {!) yG IT"(p,P 2 ) and to(y,g 2 ) C K, 

- (2) y' G IT'*(p,P 2 ) and a(y',p 2 ) C uj{y,g 2 ), 

- (3) p 2 coincides with f on the set uj{y,g 2 ) Uorb{p). 

Proof. We take several steps to prove the lemma. 

Choice of neighborhoods. For any any neighborhood lA oi f in Diff^(M), there are 
a neighborhood lAi GL lA and three numbers p > 1, Ao >0 and N G N that satisfy the 
uniform connecting lemma ('Theorem l2.23|) . And we can assume that the fixed point p has a 
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continuation for any g gUi. For the neighborhood Ui , there are a smaller neighborhood W C 
Ui of / and an integer T satisfying the conclusions of Proposition 3. By the hyperbolicity 
of periodic orbits of /, for the integer T, there is a neighborhood U2 C Diff^(M) of /, such 
that, for any diffeomorphism h GIA 2 , any periodic point of h with period less than or equal 
to T is hyperbolic. Take a neighborhood of / in Diff^(M), such that C W2 


The connection from K to a neighborhood of p by pseudo-orbits. By Lemma 231 
there are a diffeomorphism gi G U 3 and a point y G M, such that: 

- gi coincides with / on the set K U orb{p) U orb~{y), 

- y G W^{p,gi) and u;{y,gi) C K C C{p,gi). 

Denote Kq = u!{y,gi). 

Claim 4.11. For any neighborhood V of p, there are a gi negative invariant compaet set X 
and a point z G V H X, satisfying that 

- the point p ^ X, 

- for any s: > 0, there is a gi-e-pseudo-orbit = (jjq, • • • , y^) contained in X sueh that 
yo G Ko and y^ = z. 


Proof. For any neighborhood V of p, take a smaller neighborhood Vb of p, such that Vo C V. 
For any fc > 1, there is a pi- ^-pseudo-orbit Xk = {xq,x\, ■ ■ ■ ,x^^}, such that, XkC\Ko = 
{xg}, and Xk fl Vb = {x'^^}. Take a subsequence of if necessary, we assume Xk 

converges to a compact set X and x^^ converges to a point z G Vq C V as k goes to -|-oo. 
Obviously, X is a pi-negative-invariant set, p ^ X and X P Kq ^ 

Now we prove that for any e > 0, there is a pi-e-pseudo-orbit contained in X from Kq to z. 
By the continuity of pi, for any e > 0, there is fc > |, such that for all x, p G M, if d{x, y) < ^, 
then d{gi{x), gi{y)) < Then we take a p-pseudo-orbit Xk' = {xg ,Xj ,••• ,x^^}, such 
that Xg G Ko and x^^, G Vq for a number k' > k. By choosing k' large enough, we can 
assume that dniXk' ,X)<j and there is a point yo G X H Kq such that d{yo,XQ ) < ^ and 
d(z,x^^,) < By the assumption, for any 1 < * < ruk' — 1, there is yi G X, such that 
d{x^ ,yi) < Tj. Denote = (pg, • • ■ ,ym^, = z), we prove that Yg is a £-pseudo-orbit of pi. 
In fact, for any 0 < z < nik' — 1, 


d(9l(y^),y^+l) < d(gl(y^),gl(x^ ))+d(gi(x^ ), xJ+J -f d(xj+i, p^+i) <|-bi-bi<e. 


Hence Fg C X is a e-pseudo-orbit of pi from the set Ko to the point z. 


□ 


The perturbation to connect K to a neighborhood of p. We take a local stable 
manifold Wfoc(P’ 9^) P^ take a compact fundamental domain 4i oiWil^{p,gi). Then 
there is a number S < So, such that, for any point w G Ig^, the N balls {g\{B{w, 2(5)))g<j<7v-i 
are each of size smaller than bo, pairwise disjoint and disjoint with the set K U orb(y,gi) U 
orb{p). By the compactness of hi 7 there are finite points wi,W 2 , - • ■ ,wl ^ ^9i such that 
{B{wi, 6 /p))i<i<L is a finite open cover of hi ■ There is a number 77 > 0 such that, for any 
diffeomorphism h GUi that is rj-C^ close to pi, we have that: 

- (a) WfociPh,h) is C° close to VFf„^(p,pi), 

- (6) {B{wi,S/p))i<i<L is still a finite open cover of a fundamental domain/ft, ofWfgg{ph,h) 

- (c) for any 1 < z < L, the N balls {K {B{wi, 25))o<j<N-i are each of size smaller than 
bo, pairwise disjoint and disjoint with the set K U orb{y,gi) U orb(p,gi). 
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Since y G W^{p,gi), p ^ X and X is negative invariant, we have that orh{y,gi)r\X = 0. 
By the choice of gi, we have that all periodic orbits of gi contained in X with period less 
than or equal to T are hyperbolic. Under all these hy pothesis, ( X\ jGo)norb(^, gi) = 0, then 
there is a neighborhood C/q of X \ Kq such that Uq H orb{y, gi) =0. By Proposition |31 there 
is a diffeomorphism h gUi which is close to gi, such that h = gi = f\puorb(y)uKoJ 
a{z, h) C Kq. Thus the above items (a), (6) and (c) are satisfied for such a diffeomorphism 
h. 

The perturbation to get a heteroclinic connection between p and K. By the 

hyperbolicity of the periodic point p, if we take the neighborhood V oi p small enough, 
then the diffeomorphism h and the point z chosen above would satisfy that the negative 
orbit of z under h intersect B{wi,S/p) for some i G {1,2,- •• ,L}. Since a{z,h) C Kq and 
B{wi,5 /p)C\Kq = 0, there is a point w = h~*{z) for some integer t > 0, such that orb~{w)ri 
B{wi,S/p) — 0 and w has a positive iterate under h contained in B{wi,6/p). By the item 
(6), there is a point y' G W‘^{p,h), such that orb^{y',h) fl {Uo<j<N-ih^{B{wi,S/p))) = 0 
and y' has a negative iterate under h contained in B{wi,5/p). By Theorem 12.231 there is 
a diffeomorphism g 2 G W, such that y' is on the positive iterate of w under 52- Moreover, 
92 = gi on the set Kq U orb{y) U orb{p) U orb~{w) U or&+(y'), hence 52 = / on the set 
orb{p) U Kq, where Kq = uj{y,gi) = uj{y,g 2 )- Thus the three items of the lemma are 
satisfied for g 2 ■ This finishes the proof of Lemma 14.101 □ 

4.6 Last perturbation to get a weak periodic orbit 

The following lemma estimates the average contraction along the bundle E on periodic 
orbits. 

Lemma 4.12. Assume f G TZo H TZ. Then for any neighborhood lA of f in Diff^(M), for 
any integer L > 0, any neighborhood Up of p, there is g G U, which coincides with f on 
orb{p), satisfying that, g has a periodic point q G Up with period t > L such that, orb{q) has 
the XQ-dominated splitting E (B F, and 

ll'^5ls(ffqg))ll < ^ 2 ”^. 

0<i<T-l 

Proof. We take several steps to prove the lemma. We take the A2-U-weak set K G H{p) of 
/ obtained by Lemma 0^ Take two numbers A'^ and A2, such that Ai < A'^ < A2 < A2. 

Choice of neighborhoods and constants. There is a neighborhood V of ff(p) and a 
neighborhood V C Diff^(M) of /, such that, for any h G V, the following properties are 
satisfied. 

- The maximal invariant compact set of /i in U has a dominated splitting which is a 
continuation oi E G) F. To simplify the notations, we still denote this domination by 
E®F. 

- The hxed point p has a continuation ph G V for h, and || < Aq. 

- The chain recurrence class C(jph, h) of ph is contained in V. 

Moreover, since K is a X 2 -E-weak set for /, there are a neighborhood Uk C V oi K and 
a number Nk, such that, for any point z whose orbit is contained in V, if the piece of orbit 
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{z, f{z), ■ ■ ■ , f^{z)) is contained in Uk with n > Nk, we have: 

n ii^/U(/‘(^))ii > ^2". 

0<i<n-l 

To simplify the proof, we just assume that Nx = 1 , but the general case is identical. 

We can take the neighborhoods V and Up small, such that for any diffeomorphism h S V, 
the following additional properties are satisfied. 

~ For any point z € Up whose orbit under h is contained in V, we have that ^ < 

I|p^Ie(z)II ^ 

\\Df\E(,p)\\ ^ yu 

- For any point z G Uk whose orbit under h is contained in V, we have that \\Dh\K(z) II > 

-^2 • _ _ _ _ 

We can assume more that Uk 0 C/p = 0 and Uk U C/p C V. And moreover, we can assume 
that U CV. 

By Lemma [ 4. 101 there are a diffeomorphism g2 and two points y, y' G M, satisfying 
that: 

- y G VF“(p, 52) and uj{y,g2) C AT, 

- y' G W‘^{p,g2) and a{y',g2) C a;(y,y2), 

- g2 coincides with / on the set uj(y,g2) U orb{p). 

We denote Kq = uj{y,g2). Since all periodic points of / are hyperbolic and g2 = JIkoj then 
by a small perturbation if necessary, we can assume that Kq contains no non-hyperbolic 
periodic point of 52 ■ 

Choice of time. Now we fix the neighborhoods Up and Ukq- Then there are two integers 
I and uq satisfying the conclusion of Proposition [T] for g2 and the neighborhood U. Then we 
take Tko > L large, such that for any ft, G V, the inequality 

m(ft)'+”“A2'^^« > (A'2 )'^^o+'+”“ 


holds. 

By the first item of Proposition [ 1 ] there is a diffeomorphism h GU, such that 

- ft coincides with g2 on orb(jp) U orb~{y) U orft+(y') and outside Uk', 

- the point y' is on the positive orbit of y under ft, with uko = t(prb{y, ft) fl Ukq) > Tkq 
and ric = j)((or6(y, ft) \ {Uk U Up)) < uq. 

Hence by the choice of Tkq and the neighborhoods, we have that 

n pftU(.q.))||>(A')"-0+"c. 

h'(y)^Up 

Claim 4.13. There is an integer m > 0, such that: 

(Al)”-o+”“+™+' < ||///U(p)||'+’” • n \\Dh\E(h^(.))\\ < (A')"-o+"^+-+^ 

h'(y)^Up 

Proof. We assume that 

h'ivnUp 
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then A > A2. The inequality in the claim is equivalent to 

{uKo + Uc) log ^ {riKo + log ^ 

-^7-^ <l + m< -^7- - 

WdiiImW log \\Df\EM\\ 

By the choice of Txg and uko > TVo, we have that 

{uko + ric) log ^ 

-37-^ 

l|i>/lE(p)ll 

So we only need that 

{riKo + ^c) log ^ {riKo + '^c) log ^ 

It is equivalent to 


{riKo + «c) ( 


1 


1 


log- 


a; 


log- 


At 


-)logA + 


log A2 


log- 


At 


I|c/Ie(p)II I|c/Ie(p)II I|£’/|e(p)|| 

Since A > A2, and uko > Tkq, it is sufficient to acquire that 

Tifo(logA2 -logA'i) 


log- 


A'l 


> 1 . 


\\Df\Eip)\\ 

By taking Tko large enough, the above inequality is satisfied. 


Vi 

I|£’/Ie(p)II / 


□ 


Choice of the diffeomorphism g. We take g = hm S ^ from item 2 of Proposition [I] 
then g has a periodic orbit O = orb{q), such that, 0\Up = {orb{y, h) \ Up, and tt(0 fl Up) = 
I + m. Hence the period r of O equals nKg +nc + m + l. By the choice of the neighborhood 
U and the constants, we have 

n ll■Offli^(sh<^))ll = n ll■^5li^(sq<3r))ll n \\D^\Eih'ix))\\- 

0 <i<T-l g^{q)&Up hi(y)^Up 

By the choice of the neighborhoods V and Up, and the constants A'^ and A 2 , we have that 

/+m / \ \ l-\- 7 n 

ll^/U(p)ll'+™< n II^5 U(pT,))II< ll^/U(p)ir+’"- 

g'iqUUp A 2 / 

Then by the estimation in Claim 0331 we can see that 

Ar < n \\D9\E{g'{q)}\\ < >^ 2 '" 

0<2<r —1 

This finishes the proof of Lemma 14.121 □ 
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4.7 The genericity argument 

In this subsection, we do the genericity argument to get the conclusion of Theorem B, 
see like [25]. 

Take a countable basis {Vn)n>i of M, and take the countable family (t/„)„>i, where 
each Un is a union of finitely many sets of (t4i)ra>i- Take the countable pairs {r]n,jn)n>i of 
rational numbers contained in (Aq, 1) with ? 7 „ < 7 „ for each n > 1. 

Let 'Hn,m be the set of diffeomorphisms h such that, every hi in a neighborhood 
V C Diff^(M) of h has a hyperbolic periodic point q € Un satisfying that the hyperbolic 
splitting © £1“ of orb{q, hi) is a AQ-dominated splitting and 

0 <z<t((j) —1 


where T{q) is the period of q. Let Afn,Tn be the set of diffeomorphisms h such that 
every hi in a neighborhood V C Diff^(M) of h has no hyperbolic periodic point q G Un 
satisfying that the hyperbolic splitting ©£1“ of orb{q, hi) is a AQ-dominated splitting and 

0<Z<T(g) —1 


where T{q) is the period of q. 

Notice that = Diff^(M) \ 'Hn,m- Hence Tln,m hi Afn,m is open and dense in 

Diff^M). Let ’ 

E-l = r\n>l,m>lO~^n,m hlMn,m)- 

Then TZi is a residual subset of Diff^(M), and 7?.o fl 7^i fl 7^ is also a residual subset of 
Diff^M). 

Claim 4.14. Assume f G TZq fl TZi fl TZ. Then for any two numbers Ai < A 2 € (Aq, 1), for 
any neighborhood Up of orb{p), and any integer L > 0, there is a periodic point q G Up with 
period t > L such that orb{q) has the X'^-dominated splitting E (B F, and 

< n \\^f\E{f*{q))\\ < ^ 2 '"■ 

0<Z<T —1 

Proof We take two rational numbers r]i,ji G (Aq, 1), such that Xi < iji < < A 2 , and take 

Uj from the countable basis of M, such that Uj C Up. Then by Lemma 14.121 there is a 
diffeomorphism g arbitrarily close to /, such that g has a periodic point q G Up with 
period t > T such that the Ag-dominated splitting E (B F is the hyperbolic splitting on 
orb{q,g), and 

< n \\Dg\E{g*iq))\\ <7i^- 

0<2<r —1 

Then / ^ thus / G TLj^i and / satisfies the conclusion of Claim ITT^l □ 

Claim 4.15. Theorem B holds for any diffeomorphisms in TZq fl TZi fl TZ. 
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Proof. Assume / G TZoUTZinTZ and / satisfies the assumptions of Theorem B. By Claim l4T4l 
we get a sequence of periodic orbits orb{qk) of /, such that qk ^ P with r(gfc) —>■ c», and 

n p/k/-(..))ii< 

0<i<T(gj.)-l 


Hence by the Ap-domination of A 0 F, we have that 

n llWlF(/-qg.))||<A2^(^'=^ 

0<i<T{qk)-l 

Then by item 2 of Lemma 12.191 and item 2 of Lemma 12.211 there is a A 2 -bi-Pliss point 
on orb{qk) for each k. Taking a subsequence if necessary, we assume (r^) is a converging 
sequence. Then there is Z > 0, such that for any m,n > I, the stable and unstable manifolds 
of Vm and intersect respectively, since has uniform stable and unstable manifolds. 
Hence {orb{qm))m>i are homoclinically related together, thus p € H{qk). By item 2 of 
Lemma 12.341 we have that qk G H(p). This finishes the proof of the claim. □ 

The proof of Theorem B is now completed. 


5 Periodic orbits around a periodic orbit and a set: 
proof of Proposition 1 

In this section, we give the proof of Proposition [T] To simplify the notations, we assume 
that p is a hyperbolic fixed point of /, and the proof of the general case is similar. Since 
we want to get a periodic orbit that spends most of the time around orb{p) and K, we just 
prove the proposition for Up and Uk small. More precisely, we assume that Up fl Uk = 0 
and x,y ^ Uk- Moreover, by the hyperbolicity of periodic orbits in K, we assume that there 
are no periodic points with period less than or equal to N contained in Uk \ K. 

Taking a smaller neighborhood if necessary, we assume that the element of U is of the 
form f o (j) with (j) €V, where V is a neighborhood of Id and satisfies the property (F): 
(F) For any perturbations (f and 4>' of Id in V with disjoint support, the composed perturba¬ 
tion (j) o (j)' is still in V. 

By the connecting lemma, there is an integer N associated to the neighborhood U. By the 
Basic perturbation lemma, there are two numbers 0 > 1 and rp > 0 associated to U. 

Now we fix the neighborhoods U, Up and Uk, and the numbers N, 9 and rg. 

5.1 The choice of no, the point zi and the pertnrbation domain at 

zi. 

Lemma 5.1. There is a point zi G Uk \ K, such that: 

- for any neighborhood 14,^ of zi, there is n>l such that /" (x) G Vzj; 

- zi -<Uk ^ orb^(zi) C UK- 

Proof. The proof is similar to that of Lemma 12.131 We take a smaller open neighbor¬ 
hood V oi K such that V C Uk. Since u}{x) Ci K ^ 0, then for any fc > 1, there 
is Uk > 1, such that /"'“(x) G B{K,^). Take the smallest integer m^, such that the 
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piece of orbit (/"*''(x), • • • , /"■'“(x)) is contained in V. Taking a converging sub¬ 

sequence if necessary, we assume that the sequence {/™'“(x)}fc>i converges to a point 
zi € V C Uk and the sequence {/"'“(x)}fc>i converges to a point Z 2 & K. Then we have 
that Zi -<uk and the pieces of orbit that connects the neighborhoods of Zi and Z 2 are 
(ymfe(x)^ J"ifc+i(x), • • • ,/"'“(x))fe>i. Since Z 2 £ K, we have that zi -<iik By the choice 
of rrife, we have that /’"'““^(x) £ M\V. Since M\V is compact, and f~^{zi) is a limit point 
of the sequence {/"‘''“^(x)}fc>i, we have that f~^{z) € M\V. By the invariance of K, we 
have that zi ^ K and Uk — ruk goes to -boo. Since (x), /’"''+^(x), • ■ • , /"''(x)) is con¬ 
tained in Uk and by the fact that (x) converges to zi, we have that or6+(zi) cVc Uk- 
Thus the second item is satisfied. The first item is a trivial fact by the choice oi zi- □ 

By the assumption on Uk, we have that zi is not a periodic point with period less than or 
equal to N. Also, since y £ lT®(p), we have zi ^ orb{y). Then there are two neighborhoods 
Vzi C Uzi of zi satisfying the conclusion of the connecting lemma for the triple {f,U,N), 
and also satisfying the following conditions: 

- Uz, u f{Uz,) u • • • U f^iUz,) cUk\K-, 

- {Uz, u f{Uz,) u • • • U f^{Uz,)) n orh{y) = 0. 

Then there is ni £ N such that /"fyx) £ and there is n 2 , such that, for any n > 712 , 
we have f~'^{y) £ Uk- Let no = ni + n 2 - 

5.2 The choices of points and perturbation domains in K and to 
get h. 

Take any integer Tk- By Lemma TS. 11 we have that zi -<Uk that is to say, there is a 
point Z 2 € K such that zi -<Uk Now we consider two cases, depending on whether there 
is such a point Z 2 that is not a periodic point with period less than or equal to N. 

5.2.1 The non-periodic case 

Assume that there is a point Z 2 € K which is not a periodic point with period less than 
or equal to N, such that zi -<Uk ^ 2 - Then there are two neighborhoods Vz 2 C Uz 2 of Z 2 
satisfying the conclusion of the connecting lemma for the triple {f,U, N) and also satisfying 
the following conditions: 

- ;7,,U/(17,JU---U/^(t/,J cUk; 

- {Uz, u f{Uz,) u • • • U f^{Uz,)) n {Uz 2 u fiUzz) u • • • U = 0; 

- /"”(j/) i Uz 2 u fiUzz) u • • • U f^{Uz 2 ), for any n < n 2 + Tk- 

Then there is > n 2 -blfy, such that (y) £ Vz 2 - Since we have the fact that zi -<Uk Z 2 , 
there is a piece of orbit ,/^(w)) contained in Uk, such that w £ 14^ and 

f^iw) £ 142 , by the choice of Uz^, we have that w ^ orb{y). 

Perturbations to get h in the non-periodic case- Now we do the perturbations step by step 
to get the conclusion. 

Step 1. From the choice of points and neighborhoods above, we can see that the point 
X has a positive iterate /"fyx) £ t4i and the point f^{w) has a negative iterate w £ Vz^- 
Then by the connecting lemma, there is a diffeomorphism fi £ U, such that /i coincides 
with / outside Uz^ U/(17^j)U- • and f^{w) is on the positive orbit of x under fy. 

Step 2. For the diffeomorphism fy, the point x has a positive iterate f^{w) £ 142) 
and the point y has a negative iterate f~'^^{y) £ 142- Since /i coincides with / outside 
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C/,,U/(t/,JU- • •U/^(t/,J and (t/,,U/(t/,JU- • •U/^(t/,J)n(t/,,U/(t/,,)U- • •U/^(t/,,)) = 
0 , then by the connecting lemma, there is a diffeomorphism h G U, such that y is on the 
positive orbit of x under h and h coincides with /i outside U /{Uz^) U • • • U f^{Uz^)- 
By the constructions above, h coincides with / outside {Uz^ U f{Uzi) U • • • U f^{Uz^)) U 
(C^Z2 U f{Uz2) U • • ■ U f^{Uz2))- Hence h coincides with / on orb{p) U orb~{x) U orb^{y) and 
outside Uk- Moreover, ^{orb{x, h) n Uk) > — n2 > Tk and {{orb{x, h) \ (Uk U Up)) < 

ni+n2 < no- 


5.2.2 The periodic case 

Assume that any point Z 2 € K satisfying zi -<Uk -^2 is a periodic point with period less 
than or equal to N. We take such a point q € K. In this case, we can not use the connecting 
lemma at the point q since its period is small but we can do perturbations at the stable 
and unstable manifolds of q since it is hyperbolic. To simplify the proof, we assume that q 
is a hyperbolic fixed point of /, but the general case is identical. We take a neighborhood 
Uq of q such that Uq C Uk \ {Uzi U f{Uzi) U • • • U and such that for any point w 

satisfying orb'^{w) C Uq (rep. orb~{w) C Uq), we have w G IV^(q) (resp. w G W“(g)). 

Since zi -<Uk 9; similarly to the argument of Lemma [5.11 we can get that, there is a 
point x' G Uq, such that zi -<Uk orb'^(x) C Uq. By the choice of Uq, we have that 

x' G W‘^{q) and x' ^ Uz^ U f{Uz,) U • • • U f^{Uzi). Then x' is not a periodic point, thus 
x' ^ K = a{y). Then we can take two neighborhoods 14' C Ux' of x' that satisfy the 
conclusions of the connecting lemma for the triple {f,U,N), and also satisfy that 

- t/.'U/([/,')□••■ ,U/'^(I/,') Ct/,; 

- Ux' n orb{y) = 0 and q ^ Ux'- 

Then, there is a piece of orbit {w', ■ ■ ■ , {w')) contained in Uk, such that w' G 14^ and 

{w') G 14'- Moreover, w' ^ orb{y). 

Since q G a{y), there is y' G IT“(g) fl Uq, such that for any neighborhood U of y', there 
is an integer u > 1, such that f~'^{y) G U. (In fact, if a{y) = {y}, we can choose y' to be 
a negative iterate of y. If {y} ^ ct{y), we can choose y' to be contained in a{y) fl IT“(y)). 
Now, we build the perturbation domain at the point y' by Lemma 12.241 More precisely, 
we do as the following. We take a number r' < tq small enough, such that: if we take the 
neighborhood Uy' = f{B{f~^{y'),9r')) of y', then the following properties are satisfied: 

- t/,'U/-i(t/,') Ct/,\({<z}Ut7,'U/(C/,')U--- ,U/"(I/,')); 

- Uy'f^r\Uy,)=%■ 

- {W',--- ,f^'{w')}f^{Uy,V^r\Uy,))=%. 

Then by the A-lemma, there is a piece of orbit {z', f{z'), ■ ■ ■ , f^‘^{z')) contained in Uq, such 
that z' G 14', /""‘(-z') G B{f-^{y'),r'), f{z') ^ Ux' for any i G {1,2, • • • , 714 } and rn > Tk- 
By the choice of y', there is a negative iterate /“"'^(y) of y contained in B{f~^{y'),r'). 

Perturbations to get h in the periodic case. From the above constructions, we can see that 
the perturbation domains are pairwise disjoint and contained in Uk, and the pieces of orbits 
that connects two perturbation domains are pairwise disjoint and disjoint from the other 
perturbation domains. Then we can do the perturbations step by step as in Case 1. 

Step 1. By the basic perturbation lemma, there is /i G lA, such that, /i coincides with 
/ outside r\Uy') and h{n{z') = r^^+\y). 

Step 2. For the diffeomorphism fi, the point y has a negative iterate z' G Vx', and 
the point w' has a positive iterate iw') G 14'. Then by the connecting lemma, there is 
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/2 G U, such that /2 coincides with /i outside Ux' U f{Ux') U • • • U f^{Ux'), and w' is on the 
negative orbit of y under / 2 . 

Step 3. For the diffeomorphism / 2 , the point y has a negative iterate w' in and the 
point X has a positive iterate (x) G t4j. By the connecting lemma, there \s h gU, such 
that, h coincides with /2 outside Uz^ U f{Uz^) U • ■ • U f^{Uz^) and y on the positive orbit of 
x under h. 

By the constructions above, the diffeomorphism h coincides with / outside {Uzi L)f{Uzi)U 
• • ■ U f^{Uzi)) U {Ux’ U f{Ux') U • • ■ U f^{Ux’)) U f~^{Uy'). Hence h coincides with / on 
orb{p) U orb~{x) U orb^{y) and outside Uk- Moreover, ‘^{orb{x,h) fl Uk) > > Tk and 

ll(or&(a;, h) \ {Uk U Up)) < ni + n 2 < uq. 

5.3 The choice of I and the perturbation domains at x and y, and 
to get hm- 

From the constructions in section we get the diffeomorphism h that satisfies the first 
item of Proposition [1] In this section, we do the perturbations to get the diffeomorphism 
hm ■ 

Assume h*{x) = y. By replacing x and y to a negative or positive iteration, we assume 
that x,y G Up and orb~{x,h) U orb^{y,h) C Up. Assume that {h"(x)}i<„<t CiUp = mo- 
We take a number r < xq small enough, such that, if we take the neighborhood Ux = 
h{B{h~^{x),9r)) of x and the neighborhood Uy = B{y,9r) of y, then, the four sets Ux, 
h~^{Ux), Uy and h{Uy) are contained in Up and pairwise disjoint from each other and disjoint 
with {h”(x)}i<„<t. By the A-Lemma, there is Iq G N, such that, for any m > 1, there is 
a piece of orbit {h{z), {z), ■ ■ ■ ,h’'°^'^~^{z)) contained in Up, such that h{z) G B{y,r), 

G B{h~^{x), r) and U{z) ^ Uy U h~^{Ux) for any * = 2, 3, • • • , Zq + m — 2. Let 

I = Iq + mo- 

By the basic perturbation lemma and the disjointness of Uy, f~^{Ux) and Uk, there 
is hjn G U, such that, hm coincides with h outside Uy U f~^{Ux), and hm{y) = h'^{z), 
hm{f'>+^-Hz)) = h^^+^-\y) = X. Hence hm coincides with h on orb{p) and outside Up. 
Moreover, the point x is a periodic point of hm, and denote O = orb{x, hm), we have that 
0\Up = {orb{x, h) \ Up, and jl(0 n Up) = Iq + mo + m = I + m. 

This finishes the proof of Proposition [1] 

Remark 5.2. We point out here that, in the non-periodic case, we can not do the same per¬ 
turbations at x' and y' just as at the points x and y. Because the piece of orbit {w', ■ ■ ■ , {w')) 

that connects the neighborhoods Vz^ and Vx' of zi and x' respectively may enter into the 
neighborhood Ux' many times before /* {w'). Thus if we use the basic perturbation lemma 
to connect f^ {w') to f{z'), the piece of orbit {w', • ■ ■ , /^ {u>')) may be modified and it is not 
clear if the negative orbit of y can intersect after such perturbation. Thus we can not 
get a periodic orbit. 


6 Asymptotic approximation for true orbits: proof of 
Proposition 2 

In this section, we give a proof of Proposition [2j In fact, the proof is almost the same 
as the proof of Proposition 10 in m- We only have to explain why the perturbations will 
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not modify orb~{x). We assume that for any point y G W^{p,f), we have uj(y) \ K ^ 0, 
otherwise there is nothing needed to prove. Also we assume that x ^ K. Otherwise, the 
proof follows exactly that of Proposition 10 in m- We take two steps to get our purpose: 

- we choose a sequence of non-periodic points (z„)„>o, such that: 

zq ^ zi < ■ ■ ■ ^ K, zq & W'^ijp) and Zn ^ orb~{x), for any n > 0, 

- then we perturb at every Zn to connect all the points together and avoid orb~ (x). 

In order to prove Proposition 2, we take a decreasing sequence of -neighborhoods (W„) 
of / that satishes the following properties: 

- the element of Un is of the form f o cj) with G V„, where (V„) is a decreasing se¬ 
quence of neighborhoods of Id that satisfy the property (F) stated in Section [51 
and rinVn = {Id}. 

Then we have that C\nUn = {/}• The connecting lemma associates to each pair {f,I{k) ^ 
number N^. 

We need the following three lemmas for the proof of Proposition |2J 

Lemma 6.1. For any neighborhood W of K, there is a point z G {W H lF“(p)) \ K, such 
that, z -<w K and or6+(z) C W. Moreover, z ^ orb~(x). 

Proof. The proof is similar to the proof of Lemma|53] We assume IF is a small neighborhood 
of K such that x ^ W and p ^ W. Take an open neighborhood V C W of K, such that 
V C W. Since W'^(p)nK 0, then for any fc > 1, there is a point Xk G VF”(p) and a positive 
integer n{k), such that f^^^^Xk) G B{K, ^). For k large, the set B{K, i) is contained in V. 
We consider the smallest integer ruk such that the piece of orbit (f^^^^Xk), • • • , f^^'^Hxk)) 
is contained in V. By the assumption that oj{xk) \ AT ^ 0 for any fc > 1, we can see that 
both m{K) and n{k) — m(k) go to infinity as k goes to infinity. 

Take converging subsequences if necessary, assume the sequence {f"^^^\xk)} converges 
to a point z G V, and converges to a point z' G K. Then 2 ; G VF"(p), and 

similar to the argument of Lemma [5.11 we have that z ^ K, and 2 ; z', hence z -<w K- 

Since f'^^^\xk), ■ ■ ■ , f'^^^\xk) is contained in V and n(k) — m(k) go to infinity, we have 
that or6+(z) C W. Then by the assumption x ^ W, we have z ^ orb~{x). □ 

Lemma 6.2. There are a point y G lF“(p), a sequence of points {zk)k>i, three sequences of 
neighborhoods (Uk)k>i, {Vk)k>i, {Wk)k>o and a sequence of finite segment of orbits Yk = 
(ykJiyk),--- J""^'"\yk))k> 0 , such that: 

1. Wk C Wk+i and CikWk = K; 

2. the con necting lemma can be applied to Zk G Vk C Uk for the triple {f,Uk,Nk), and 
nUk) c Wk \ VFfc+i for all0<n< Nu; 

3. Uk n orb~{x) = 0, for any k > 1; 

4- Zi -(wi Z 2 -<W2 ■ ■ ■ FWk Zk+i K; 

5. the points f"^'d^\yk) and yk+i are contained in Vk+i for all k > 0 where yo = y, and 
orb~ {y) n Wi = 0; 

6 . Yk C Wk \ Wk +2 for all k >0 and Yk fl orb~ (x) = 0, for all k > 0; 

7. there is an open set V containing orb~{x), such that V r\Uk = 0 for all k > 1. 
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Proof. We build all the sequences by induction. Set Wq = M. We first choose Wi, zi, Vi, 
Ui and Yq. 

Since all periodic orbits in K are hyperbolic, there is a neighborhood Wi of K, such that 
there is no periodic points with period less than or equal to Ni contained in Wi \ K. Also 
we can assume that p ^ Wi. By Lemma lOl there is zi G Wi \ K, such that zi ^Wi K, 
zi ^ orb~{x), and zi G W^{p). By the choice of Wi, there is a neighborhood Ui of 
zi, that is disjoint from its Ni first iterates. Moreover, because zi ^ orb~{x), we can 
assume 17i n {orh~ {x) U AT) = 0. By the connecting lemma, there is Vi C t/i associated to 
{f,Ui,Ni). Then there are a point y G W^{p) \ Wi and a positive integer m(0), such that 
G Vi- Moreover, by considering a negative iterate of y if necessary, we can assume 
that orb-{y) n Wi = 0. We take yo = y and Yq = {y, f{y), • • • , f'^^°\y)). 

Now we construct the sequences by induction on k. After Wk, Zk, 14, Uk and Yk-i have 
been built, there is Wk+i C Wk such that 

- there is no periodic point with period less than or equal to Nk+i contained in 114-|_i \K; 

- f^iUk) n ITfc+i = 0, for all 1 < n < Nk] 

- Wk+i n lfe_i = 0; 

- Wk+i is contained in B{K, -1). 

By Lemma [2.131 there is Zk+i G Wk+i\K, such that Zk -<Wk ^k+i -<Wk+i K, Zk+i ^ orb~ {x) 
and orb^(zk+i) C 114+i. By the connecting lemma, there are neighborhoods 14+i C Uk+i 
of Zk+i associated to {f,Uk+i,Nk+i), such that: 

- Uk+i n {orb~{x) U K) — 0, 

- /"(C/fe+i) C Wk+i for all 0 < n < Nk+i- 

Then there is Yfc = {yk, f{yk), ■ ■ ■ , such that yk G 14 and G 14+i- 

Since Uk+i H orb~(x) = 0, 14 is disjoint from orb~(x). 

Since x ^ K, for any integer n gN, there is Uk, such that /“"(a;) ^ 114fc- By item 2 and 
3, there is an open neighborhood of f~^{x), such that BnfMJk = % for any fc > 1. We 
take V = lJrt>o then item 7 is satisfied. Then we finish the proof of Lemma |621 CH 

Now we fix the point y G W“(p), the open set V and the sequences (zfc)fe>i, {Uk)k>i, 
(14)fc>i, {Wk)k>o and {Yk)k>o as in Lemma 1121 We have the following lemma. 

Lemma 6.3. There are a sequence of perturbations {gk)k>o of f and a strictly increasing 
sequence of integers (nk)k>Q, such that, 

1 . go = f and uq = 0; 

2. there is 4>k G Vk, such that cfk = Id\M\(UkU-uf^k-^(Uk)) 9k = gk-iocfk, for k > 1; 

3. for any I = - ■ ■ ,k- 1}, the piece of orbit {gk‘{y),gk‘^^{y ),' •' is con¬ 

tained in Wi \ Wi +2 ■ 

Proof. We build inductively the sequences (gk) and (rzfe) and another sequence of integers 
(^aife)fc>o to satisfy the conclusions and also the following properties: 

- TOfc > Ufc and g'^'"{y) G 14+i; 

- the piece of orbit {gk’°[y),9k'°^^{y)^''' ^9T'’iy)) i® contained in Wk \ lTfc+ 2 . 

First, we take go = f and no = 0. By Lemmathere is toq > 0, such that g^°{y) G 14 
and the piece of orbit {y = go°{y), go{y), ■ ■ • i9^°{y)) is contained in Wq \ W 2 . 

Now assume that gk, Uk and ruk have been built, we explain how to get gk+i, nk+i and 
ruk+i. The point gk'^{y) has a positive iterate gff’^{y) G I 4 +I) and the point f"^^^~^^'^{yk-ki) 


35 











has a negative iterate yk+i G Vk+i- Since gk coincides with / on the set Uk+i U fiJJk+i) U 
one can apply the connecting lemma to {gkMk+i, 14+i, Uk+i) and get a 
diffeomorphism gk+i, such that, the point is on the positive orbit of g'^’^ijj) 

under iteration of gk+i, and, moreover, the new diffeomorphism gk+i is of the form gkO(pk+i, 
where (jik+i = / o (pk+i S Z^fc+i, thus ipk+i S Vfc+i. 

Since gk+i = fffclM\(c/*,+iU-u/'^*^+i-bc/)=+i))’ y,9k{y), ■ ■ ■ ,9l'‘{y) under 

gk coincides with the one y,gk+i{y), ■ ■ ■ ,gk^i{y)- Moreover, the point gk’‘{y) has a positive 
iterate under gk+i contained in 14+2. Assume f'^^^"^^\yk+i) = g"!^+i^{y), 

then there is an integer Uk+i with Uk < Uk+i < kak+i, such that, the piece of orbit 
(5fc|i(?/), • • • , gT+i (y)) is contained in Wk\Wk+2 and the piece of orbit (5^++' (y), • • • , (y)) 

is contained in Wk+i \ W4+3. Then the conclusions are satisfied for fc + 1. □ 

End of the proof of Proposition[M Since the supports Ui Li ■■■ L) f^'~^{Ui) and Uj Li ■■■ Li 
f^^~^{Uj) of the perturbations (fi and (fj are disjoint for any i ^ j, and (V„) satisfy the 
property F, then the sequence gk = f - • - ocfk converges to a diffeomorphism g LLUq CU. 

By the constructions, g coincides with f o (fk in the set UkLi ■ ■ - Li f^'‘~^{Uk) and with / 
elsewhere, hence, by the choice of (Uk) and V, it holds that g coincides with / on the set 
orb{p) U AT U F U orb~{y) and oj{y,g) C K. Moreover, since g is the limit of the sequence 
{gk), by Lemma 1631 for any n > Uk, g^{y) & Wk- Then we have that oj{y,g) C K. This 
finishes the proof of Proposition [5] □ 

7 Asymptotic approximation for pseudo-orbits: proof 
of Proposition 3 

To prove Proposition 3, we use the technics of liin] to get true orbits by perturbing 
a pseudo-orbit. Similarly to the proof of Proposition 2, we have to perturb infinitely many 
times in a special neighborhood to keep some part of the initial dynamic unchanged. The 
proof refers a lot to [8] and Section 3.2 of [19]. 

We take several steps for the proof. First, we choose an open set that covers all positive 
orbits of X that are not on the local stable manifold of periodic orbits with small periods. 
Actually, we choose a special topological tower for X. Second, we construct a sequence of 
disjoint perturbation domains containing in their interior the special topological tower for 
X. Then, we choose an infinitely long pseudo-orbit in X that goes from z to AT and has 
jumps only in the perturbation domains and accumulates to K in the future. Finally, we 
perturb in the perturbation domains to construct a true orbit which goes from z to AT and 
accumulates to K in the future. 

We take a neighborhood of the diffeomorphism /o with Uq C U, such that, the 
element of Uq is of the form f o cf with </> S Vo, where Vo is a -neighborhood of Id that 
satisfies the property (F) stated in Section [S] Then there is a smaller neighborhood 
W LZ IAq of _/o und an integer Xq associated to {f^^ldo) by the uniform connecting lemma 
(Theorem 12.23p . Take the integer T = lOnddNo where the number Kd is the number given 
by Lemma [2.321 

From now on, we fix the neighborhoods W C Uq of /o and the integer T. We consider 
a diffeomorphism f € 14', an invariant compact set AT containing no non-hyperbolic periodic 
point, a positive invariant compact set X containing no non-hyperbolic periodic point with 
period less than or equal to T, a point z that can be connected to K by pseudo-orbits 
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in X, and a neighborhood U oi X \ K. Then we consider a decreasing sequence of C^- 
neighborhoods {Un)n>o of /, such that, the element of Un is of the form f o (j) with (j) GVn, 
where (V„) is a decreasing sequence of neighborhoods of Id that satisfy the property 
(F), and n„V„ = {Id}. The connecting lemma associates to each pair (/,Wfc) an integer 
Nk and we can assume that (IVfc) is an increasing sequence. Here the neighborhood Uq and 
the integer Nq are exactly what we have chosen in the above paragraph. We assume that 
z ^ K, otherwise, there is noting to prove. For an integer N, denote by PerN{f) the set of 
periodic points of / whose period is no more than N. 

7.1 Choice of topological towers 

In this section, we construct a family of special topological towers for the set X with the 
properties stated in Lemma l7.11 

Lemma 7.1. For any increasing sequence of integers {Lk)k>o where Lq = lOdN^, for any 
(5 > 0, there are a decreasing sequence of neighborhoods {Uk)k>o of K, a sequence of open sets 
{Wk)k>o, o,nd a sequence of compact sets {Dk)k>o, such that, denoting Xk = Xn{Uk \ Uk+i) 
for all k > 0 , the following properties are satisfied. 

- The intersection nfc>o = K, where Uq = M and z fiUi, 

- If we take U-i = M, then for any k > 0, 

1 . there is no periodic orbit with period less than n^Lk+i contained in Uk+i \ K, 

2. P{Uk+i) C Uk, for all -AndLk+i < i < AndLk+i, 

3. the Lk sets Wk, /(Hfe), • • • , f^’°~^(Wk) are pairwise disjoint, contained in U\K, 
and also contained in Uk-i \ Uk+ 2 , 

4 . for any —iKdLk +2 <i< '^i^dLk+ 2 , we have that f'^{Uk+ 2 ) H [Wq U ■ • ■ U Wk) = 0, 

5. for any I < k, any 0 < i < Li and any 0 < j < Lk, we have that f^{Wi) fl 

6 . the compact set Dk is contained in Wk, suchthat, any point in (/)tF|(p)) 

has a positive iterate in inpDfi) and any point in Xk has a positive iterate in 
int{Dk-i U Dk). 

Remark 7.2. The set IFoU- • -DWk can be seen as a special topological tower for XqU- ■ ■L\Xk, 
from the items 3, 5, and 6 . 

Proof. We build inductively the sequences (Uk)k>o, {Wk)k>o and {Dk)k>o from a sequence 
of open sets (lF^)fc>o and a sequence of compact sets {D'f.)k>o, which satisfy the following 
additional properties: for any fc > 0, 

- 1 '. the set Wk is contained in an arbitrarily small neighborhood ofWj., and Wj. C Wk, 

- 2'. the sets Wfi f{Wl.), • • • , are pairwise disjoint, contained inU\K, and 

also contained in Uk-i \ Uk+ 2 , _ 

- 3 '. for all - 4 :KdLk +2 < * < 4 :KdLk+ 2 , we have P{Uk+ 2 )) n (IFg U ■ • ■ U Wj.) = 0, 

- 4 '■ for any I < k, any 0 < i < Li and any 0 < j < Lk, we have f^iWi) fl fpWj.) = 0, 

- 5 '. any point in Xq \ (UpePeri (/) ^s(p)) ^os a positive iterate in inpD'o) and any 
point in Xk has a positive iterate contained in inpD}) for any k >\. 

We build the sets Uk+z, Wlp 2 ^ ^fe +21 '^k+i and Dk+i after the sets Uk+ 2 , -Dfe+n 

Wk and Dk have been built. 
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The sets U 2 , W(, D[, Wq and Dq. By the assumption of hyperbolicity of periodic orbits 
in K, we can take a neighborhood Ui C B{K, 1) of K such that z ^ Ui and there is no 
periodic orbit with periodic less than k^Li in Ui \ K. The properties 1 and 2 are satisfied. 

By Lemma 12.321 there are an open set Wq C U that is disjoint from its Lq iterates and 
a compact set Dq C Wq such that any point contained in Xq \ (Upgperi, (/) Wl[p)) has a 
positive iterate contained in int{DQ). Moreover, by the item 3 of Lemma r2.32l the open set 
Wq can be contained in an arbitrarily small neighborhood of Xq U /{Xq) U ■ • • U (Xq). 
Hence we can assume that and IJ^q P{Wq) C U \ K, since X is positively invariant. The 
property 5 ' is satisfied. 

Now we take a neighborhood U 2 C Hi fl B{K, i) ot K, such that: 

- there is no periodic orbit with periodic less than KdL 2 in U 2 \ K, which is the property 

A _ 

“ /*(H 2 ) C Hi, for all — 4 :KdL 2 < i < 4 :KdL 2 , which is the property 2, 

- Wq n /XH 2 ) = 0 for all —AKdL 2 < i < AKdL 2 , which implies the properties 2 ' and 3 ' . 

By Lemma [2.321 for the compact set Xi = X fl Hi \ H 2 , there is an open set disjoint 

from its KdLi iterates, such that any point contained in Xi has a positive iterate contained 
in Vl- Moreover, can be contained in an arbitrarily small neighborhood of [J^Iq 

By Lemma [2.311 consider Wq and V{ as W' and V, we get an open set Si = Wq U Vi, 
such that 

-^CU\K, 

- Wq is a small neighborhood of Wq, disjoint from its Lq iterates, hence the properties 2 
' and 3 ' imply the properties 3 and 4 if we choose Wk small enough, and the property 
1 ' is satisfied automatically, 

- Vl is contained in an arbitrarily small neighborhood of U f{V{) U • • • U (H/) 
and disjoint from its Hi iterates, thus we can assume that iV fl Vi = 0, 

- Yi_c PiSi), 

- Wo n P{Vi) = % for all i = 0, ±1, • • • , ±Hi. 

Then any point contained in Xi has a positive iterate contained in Si. By the com¬ 
pactness of Xi, there is a compact set D'l C Si such that all such iterates are contained in 
int{D'i). Set Wi' = Vi and Dq = D'qU (H>j n Wo). The properties 6, 2 ', 3 ', 4 ' and 5 ' are 
satisfied. 

Hence we have built the sets Hi, U 2 , Wq, Dq, W{, D[, Wq and Dq. 

Construction of the sets Uk+3, lVZ +25 -C^fc +2 9 ^k+i and Dk+i- For k > 0, assume the 
sets Uk+2, IF^+i) Wk and Dk have been built to satisfy the properties above for all 

n < k, we now explain how to get the sets Uk+ 3 , W^^ 2 ! D'k+ 2 , W^fe+i and Dk+i. 

We can take a neighborhood Uk +3 C Uk +2 H B{K, of K, such that: 

- there is no periodic orbit with periodic less than KdLk +3 in Uk +3 \ K, which is the 
property 1 , 

- p{Uk+ 3 ) c Hfc+ 2 , fo r all -AKdL k +2 < i < 4 :KdLk+ 3 , which is the property 2, 

- Wo U • • • Wfc U W^^^ n P{Uk+ 3 ) = 0 for all -AKdLk +3 < i < dK^Hfe+a, which implies 
the property 3 '. 

By Lemma (2.321 for the set Xk+2 = X r\ Uk+2 \ Uk+3, there is an open set V)l _|_2 disjoint 
from its KdLk +2 iterates, such that any point contained in Xk +2 has a positive iterate 
contained in V)l+ 2 - Moreover, V)l +2 ‘^an be contained in an arbitrarily small neighborhood 
of riXk+2)- Since Xk+2 C Uk+2, and for all -AKdLk+2 < i < 4«:dHfe+2,we have 
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that P{Uk+ 2 )) n {Wq U ■ • • U Wk) = 0 and P{Uk+ 2 )) C Uk+i, then we can assume that 
f(K^)MWo U ■ • ■ U WkUK) = 0 and f{V[^)) C U^+i, for all -2KdLk+2 < i < 2KdLfe+2. 

By Lemma 12.311 consider and 14'_|_2 as W and V, we get an open set 3^+2 = 

Wk+i U 14+2 j such that 

- C/\X, 

- Wk+i is a small neighborhood of disjoint from its Lk+i iterates, hence the 

properties 2 \ 3 ' and ' imply the properties 3, 4 and 5 if we choose W4+i small 
enough, and the property 1 ' is satisfied automatically, 

- 14+2 is contained in an arbitrarily small neighborhood of 14'_|_2 U /(I 4 + 2 ) U ■ • ■ U 

and disjoint from its Lk +2 iterates, thus we can assume that iLnl 4+2 = 
0, and for all -KdLk +2 < i < i^dLk+ 2 , we have P{Vk+ 2 )) n (Wo U • • • U Wk) = 0 and 
P{Vk+2)) C Uk+U 

- k+ 2 c ur=o'="V4^fe+2), 

- Wfc+i n r (14+2) = 0 for all f = 0, ±1, • • • , ±Lfc+2. 

Then any point contained in Xk +2 has a positive iterate contained in iS'fe+ 2 . By the 
compactness of X/;+ 2 , there is a compact set £>(.+2 C Sk +2 such that all such iterates are 
contained in Set W ^^2 = ^k +2 and Dk+i = L’fc+i U H^fc+i)- The 

properties 6, 2 ', 3 ', 4 ' and 5 ' are satisfied. 

Then we have built the sets Uk+ 3 , W^^ 2 i ^'k+ 2 ^ W4+i and Dk+i- The first property 
that Hfc+o = K and z ^U\ are obviously satisfied by the choice of Uk- This finishes the 
proof of Lemma 17.11 □ 

7.2 Construction of perturbation domains 

Now we take Lk = lOdNk for all k >0, and take a small number 5 > 0, such that for any 
two different hyperbolic periodic points 91,(72 S PerNo{f)riX,we'haveWp{qi)r\Wp{q 2 ) = 
0, where at G {m, s}- By Lemma [7.11 we get the sequences {Uk)k>o, (Wk)k>o and {Dk)k>o- 
We still denote Xk = X D {Uk-i \ Uk) for all A: > 0. 

Now we build the perturbation domains for the family (Xk). The technics are mainly 
from Section 4.1 and 4.2 of [8]. First, we build the perturbation domains that covers the 
points which are not on the local stable manifolds of periodic orbits with period less than 
or equal to Nq. The proof is essentially due to Corollaire 4.1 of [5]. They deal with a family 
of perturbation domains with the same order, thus the union forms a perturbation domain. 
Here we have a sequence of perturbation domains with different orders. The construction 
of each perturbation domain can be separated. 

Lemma 7.3. There is a perturbation domain Bk of order Nk for {f,lAk) for each k > 0, 
such that the sequence (Bk)k>o satisfies the following properties. 

1. The support of the perturbations domains Bk are pairwise disjoint, contained in U, 
and also contained in Uk-i \ Uk+ 2 . 

2. Any point of Xq \ (UpePerN if) ^s^P)) ® positive iterate in the interior of one tile 

of one perturbation domain of Bq and any point of Xk has a positive iterate in the 
interior of one tile of one perturbation domain of Bk-i U Bk- 

In consequence, for any k > 0, there is a finite family of tiles Ck associated to Bk, and 
a family of compact sets Vk contained in the interior of tiles of Ck, such that: 
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- each tile of Ck contains exactly one element ofDk, for all k > 0 and each element of 
'Dk is contained in a tile ofCk, 

- any point of Xq \ (UpePerw ® positive iterate in the interior of one 

element of X>o ^^nd any point of Xk has a positive iterate in the interior of one element 
of 'Dk-i U Vk- 

Proof. By Lemma T?. 11 we get a sequence of open sets (Wk)k>o and a sequence of compact 
sets {Dk)k>o- Moreover, the diameters of components of each Wk can be chosen small 
enough such that all their first Lj- iterates are contained in a perturbation domain of order 
Lfc by Lemma [2.291 

Assume W is a, component of and denote D = W. By assumption, W is 

contained in a chart of perturbation Lp •. W We can tile W with tiles of proper size 

such that any cube that intersects p>{D) is contained in ip{W). We do the same thing for all 
other components of Wk that has non-empty intersection with Dk and we get a finite family 
Vq of perturbation domains, each of them being an open set, pairwise disjoint, contained 
in Wk, and the union of their closure contains Dk in its interior. Denote $o the family of 
perturbation charts in the construction of Vq. 

Repeat the construction for p^^’‘{Wk) and P^^’‘{Dk), * S {1, • • • , 5d—1}, and we get the 
families Vi of perturbation domains contained in P'^^'^lWk), pairwise disjoint and the union 
of their closure contains P^^’^iDk) in its interior. Denote <l>i the family of perturbation 
charts corresponding to Vi- Consider the family contained in Wk- The union of 

the closure of all cubes of contains Dk in its interior. By a small perturbation 

of , we can suppose that a point in Dk can only be contained on the boundary of at most 
d different cubes of all cubes contained in ('Pi)0. Since there are at least 5d 

families of cubes, we get that any point of Dk is contained in the interior of at least 4d 
families of such cubes. 

We replace every cube in by another one with the same center and homothetic 
with rate p < 1 close to 1. Then we get the families Vi^p of perturbation domains whose 
closures are pairwise disjoint. If we choose p close enough to 1, then any point of Dk is still 
contained in the interior of a cube of at least 4d families of By the 

compactness of Dk, for each i, there is a finite family T^ of tiles of the domains 
such that the union of the tiles of T^ satisfies: any point of Dk is contained in the interior 
of at least Ad compact (/“^*'^*’(Ei))o</c< 5 d-i- 

By another small perturbation of 4>i, we can suppose that any point of Dk is contained 
on the boundary of the tiles of at most d families of {f~‘^^^'‘{Ti))o<k< 5 d-i- Any point is 
contained in at least Ad families of tiles, hence any point is contained in the interior of at 
least one of these tiles. Define Bk and Ck to be the union of the families Vi^p and the union 
of the families T i respectively. 

Then the compact set Dk is covered by the interior of the tiles of the family (Ti). 

We can take all the components of the intersection of P‘^^‘‘{Dk) and the elements of the 
family T^, and this is the family Dk- 

Finally, by the assumption that Lk = IQdNk and the choice of Wk in Lemma 17.11 the 
supports of perturbation domains {Bk)k>o are pairwise disjoint and are contained in U. 
Moreover, the support of the perturbation domain Bk is also contained in Uk-i \ Uk+ 2 - This 
finishes the proof of Lemma 17751 □ 

1. In [8], they call the sets of (Fi) on general position. To simplify, we do not introduce 

this definition. One can refer to Section 3.3 of [8] for more details 
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We also have to construct perturbation domains that cover the stable and unstable 
manifolds of periodic orbits contained in XoCiPerNoif)- By the assumption of hyperbolicity 
of periodic orbits, Xq fl Per]\fg{f) is a finite set. By Proposition 4.2 in [8], we can construct 
in the following way. 

Lemma 7.4. (Proposition 4.2 of [5]) For any periodic orbit Q C X D Per]y^g{f), any neigh¬ 
borhood V of Q, there are a neighborhood W of Q, two perturbation domains Bg and of 
order Nq for (f,l4o), two finite families of tiles Cg and C„ associated to Bg and respec¬ 
tively, two finite families of compact sets Vg and T>u, and an integer uq, such that: 

1. V contains W and Up<U S„). 

g. fiBg) n PiBu) = 0 for all 0<i,j<No-l, 

3. each element ofDg is contained in the interior of an element ofCg, and each element 
of Pu is contained in the interior of an element o/C„. Moreover, each tile of Cg and 
Cu contains exactly an element of Pg U Pu 

4- for any two pairs Dg S Pg and Du € Pu, there is n € {0, • • • , no}, such that f"‘{Dg) fl 
Du 7^ 0. 

5. for any point z €W \ there is n > 0 and D G Pu, such that f‘^{z) G int[D) 

and f'‘{z) G V for allO <i <n. Moreover, if f{z) ^ W, then n < uq. 

6. for any point z € W \ Wi^PQ), there is n > 0 and D G Pg, such that f~^{z) G int{D) 
and f~''{z) G V for allO <i <n. Moreover, if f~^{z) ^ W, then n <no. 

7.3 Choice of a pseudo-orbit 

By Lemma [7.31 we have the sequences of perturbation domains {Bk)k>o, tiles {Ck)k>o 
and families of compact sets (Pk)k>o- Since there are only finitely many periodic orbits 
contained in PerjqPf) fl X, we can take for each periodic orbit Q C Periq^f) (1 X a,n 
open neighborhood V{Q) C U that are pairwise disjoint, disjoint from Ui and disjoint from 
f'^{Bk) for any 0 < * < Nk — 1 and any k > 0. By Lemma [7.41 we have for each Q the 
open set W{Q), the perturbation domains Bg{Q) and Bu{Q), the families of tiles Cg{Q) and 
Cu{Q), the families of compact sets Ps{Q) and Pu{Q) and the number no((5). By the choice 
of V{Q), we have that f'‘{B„{Q)) n fpBk) = 0 for any a = s,u, any 0 < i < Nk — 1 and 
any fc > 0. 

We take the union of {Bg{Q),Cg{Q),Pg{Q)), {BuiQ),Cu{Q),PuiQ)) and {Bo ,Co,P o), 
and to simplify the notations, we still denote the union by {Bq,Co, Pq)- By Remark l2.301 we 
know the modified (Bg, Cg, Pg) is still a perturbation domain of order Ng for { f,Ug). Denote 
D'f. the union of the compact sets of the family Pk for each k > 0. Similar to the analysis of 
section 4.3 in [8], we assume that z is not in any of the perturbation domains that we have 
choose. 

Recall that the support of the perturbation domain Bk is supp{Bk) = Uo<n<Arfe-i nsk). 
From the above constructions, the supports of the perturbation domains {Bk)k>o are pair¬ 
wise disjoint and are contained in U. Moreover, we have that supp(Bk) C Uk-i \ Uk +2 for 
any fc > 0. 

Lemma 7.5. There is an infinitely long pseudo-orbit Y = (yg, yi, ■ ■ •) for f contained in X 
that has jumps only in tiles of {Ck)k>o with yg = z and d{y„, K) —7 0 as n ^ oo. Moreover, 
for each k >0, there is a minimal number Ik, such that yi G Uk for all i > Ik- 
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Proof. By the former constructions, any point x S Xq has a positive iterate contained in the 
union of the interior of the compact set D'q and the open sets W(Q) for all periodic orbits 
Q C X n Per]\fg{f). Any point x € Xk has a positive iterate contained in the union of the 
interior of compact sets U for A: > 1. By the compactness of the sets Xk, there are 
integers Tk, compact sets Dk C D'f., and compact sets W{Q) C W{Q), such that 

- all points x € Xq will enter the union of Dq and W{Q) for all Q C A n Per^oif) in 
time bounded by Tq, 

- all points x G Xk will enter in Dk-i U Dk for A: > 1 in time bounded by Tk- 
We can assume that Tq is larger than no{Q), for any Q C X Ci Per^oif)- 

Setting of the constants. For A; > 0, set rik to be smaller than half of the minimum of 
the distances between a point in (UgcJcnPer-w (/) ^iQ)) (Uo<i<fc ^ point in the 

completement of (UgcJcnPer-Noi/) ^(Q)) ^ (Uo<i<fe Moreover, we also assume that r]k 

is smaller than half of the minimum of the distances between a point in f{M \ Uk) to a 
point in Uk+i, and smaller than the minimum of the distances between a point in a compact 
set D G Vk and a point on the boundary of the tile C € Ck that contains D. Then for any 
k > 0, there is a number 0 < e*, < rjk, such that for any ff^-pseudo-orbit (ccq, • ■ • ,XTk), we 
have d{xi, P{xo)) < \r]k, and d{xi, f^~'^’={xTk)) < ^Vk for all 0 < j < Tk- For each e^, there 
is a number 6k G (0,-jefe), such that, for any two points x,y G M, if d{x,y) < 6k, then 
d{f{x),f{y)) < i Ek- Without loss of generality, we can assume that the sequences {r]k)k>o, 
(efc)fe>o and {6k)k>o are strictly decreasing sequences. 

The sets Xk and the pseudo-orbits Zk- Now we take a finite J^-dense set Xk of Xk 
for any k > 0, such that z G Xq. For any k > 0, take a (5fe-pseudo-orbit (y^, ■ ■ ■ ,ymk) ia 
X\K, such that y^ = z and d{y^^,K) < 6k. Then we project this pseudo-orbit to the 
set lJi>o^b dj ^ tfioa there is Zj G Aj, such that d{y^,z^) < 6i. Then the 

pseudo-orbit Zk = (z^, - ■ ■ , is a pseudo-orbit contained in lJj>Q Xi that connects z to 
K, where zf = z. Moreover, if y^,y^^, G A„ we have d{fiz^),zf+,) < dif{z^),f{y^)) + 
difiVj), yj+i) + d(2/j'+i, z*+i) < ^ei+6k + 6^ < ^ e, £fe. Hence d{f{z^), < et when 

k > i. By cutting some part of Zk, we can assume that Zj yb zf' for any j yb I and any k > 0. 
Then for any k > 0, there is a minimal integer l{m, k), such that zf G Um for all i > l(m, k). 

The infinitely long pseudo-orbit Z. Since Xk is a finite set for any k > 0, one can 
extract a subsequence {Z\) of {Zk), such that all pseudo-orbits in this subsequence have the 
same piece before staying in Ui, that is to say, (zf, • • • , -zf(i j.)) are equal to each other for any 
Zk G Similarly, there is a subsequence of {Z\), such that all pseudo-orbits in this 

subsequence have the same piece before staying in U 2 . We can continue this process, and 
finally, by taking the limit, we can get an infinitely long pseudo-orbit Z = (zi, Z 2 , • • •) such 
that zi = z, d{zn,K) —>• 0 as n —>■ 00. Moreover, if Zj,Zj+i G Xi, then d{f{zj),Zj+i) < Si, 
since Z is a limit set of {Zk). 

By the analysis of Lemma 4.6 in [5], the pseudo-orbit Z = (zi, Z 2 , • • •) has the property 
stated in the following claim. We omit the proof here since it follows exactly the proof of 
Lemma 4.6 in [5]. 


42 



Claim 7.6. There is a strictly increasing sequence tg = l,ti, ■ ■ ■, such that for j > 0, Zt^ is 
contained in a compact set Ej of Ufe>o Moreover, for any j > 0, 

- if E-j S 'Do, then either ti — < Ti or there is Q C X Cl PerMr,(f), such that 

Ej_i&Ds{Q) andEj eVuiQ), 

- if Ej € Dk for some k > 1, then tj — tj-i < Tk- 


Construction of the pseudo-orbit Y from Z. Now we replace some part of Z to get 
an infinitely long pseudo-orbit that connects U to K, accumulates to K in the future, and 
has jumps only in the tiles of the perturbation domains. Using Claim [UH we construct Y 
as the following. 

- If Ej € Do and tj —tj-i < Ti or if Ej £ Vk where fc > 1, we replace the piece of pseudo¬ 
orbit ,zt^) by the piece of true orbit • • • ,))• 

- If Ej £ Do and tj — tj-i > Ti, we have that there is Q C X n PerNgif), such 

that Ej-i £ Ds{Q) and Ej £ Du{Q). By Lemma [7^41 there is a piece of true orbit 
{x, f{x), • • • , f*{x)) such that x £ Ej-i, f*{x) £ Ej and t < Tq. Then we replace the 
piece of pseudo-orbit • ■ • ) by the piece of true orbit {x, f(x), ■ ■ ■ , f*{x)). 

Then we get a new pseudo-orbit Y = {yo,yi, ■ ■ ■)■ We can see that Y has jumps only in tiles 
of {Ck)k>o with yo = z and d{yn,K) —^ 0 as n ^ oo. Moreover, there is a minimal number 
Ik, such that yi £ Uk for all i > Ik and all k >0. This finishes the proof of Lemma [7.51 □ 

7.4 The connecting processes 

We take the infinitely long pseudo-orbit Y = (yo,2/i, • • ■) with yo = z contained in X 
from Lemma [731 Then Y has jumps only in tiles of {Ck)k>o and d{yn,K) —>• 0 as n —)• oo. 
Moreover, for each fc > 0, there is a minimal number Ik, such that yi £ Uk for alH > Ik- For 
the pseudo-orbit Y = (yo, yi,- ■ •) and the sequence of integers {lk)k>o, we have the following 
lemma. 

Lemma 7.7. For each k > 0, there are a diffeomorphism fk, an infinitely long pseudo-orbit 
Yk = {yoTViT''') fk with po = z, and two sequences of positive integers {mk)k>o o,nd 
ink)k>Q, cind if we denote f = f-\, then for any k > 0, the following properties are satisfied. 

1. There is (fk ^ Yk, such that cfk — and fk — fk—i o (fk- 

2. The integer mk-i is the smallest positive integer, such that fif'‘~^iz) £ Uk-i- More¬ 
over, we have ruk-i < ruk- 

3. The piece of pseudo-orbit {y^,y^, - ■ ■ ,y'fn,,_-,-i) for fk equals {z, fk{z),-■ ■ , 
f- nk < lk+ 2 , and yn,,+m = yik+ 2 +m, for all m > 0. 

5. The pseudo-orbit Yk of fk has only jumps in the tiles {Ck+i,Ck+ 2 ,' • • }■ 

Proof. We build the sequences by induction. We construct fk+i, Yk+i, rik+i and m-k after 
fk, Yk, Uk and mk-i has been built. 

The constructions for n = 0. Consider {f,h{Q,BQ). By Definitions 12.271 and 12.281 and 
the fact that the pseudo-orbit Y oi f has jumps only in tiles of {Ck)k>o, there are a diffeo¬ 
morphism /o £ Uq, and an infinitely long pseudo-orbit Yq = (ylj, y?, • • •) of /o with yfj = z, 
which connects some pieces of Y, satisfying the following three properties. 

- The diffeomorphism /g coincides with / outside supp{Bo), hence there is (fo € Vg, such 
that (fo = Id\M\supp{Bo), and /g = / o (fo, which is the property 1. 
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- The pseudo-orbit Yq has only jumps in the tiles {Ci,C 2 , • • • }, which is the property 5. 
Since supp{Bo)r\U 2 = 0, and for all i > I 2 , the point S U 2 , then there is a positive integer 
rig, such that yno+m = Uh+m, for all m > 0. Moreover, from Definition 12.271 we can see 
that ng < h- Hence the property 4 is satisfied. We do not have to check the properties 2 
and 5 for n = 0 . 

The constructions for n = k + 1. For fc > 0, assume that /„, Yk, ruk-i and Uk have 
been built for all n < k. The infinitely long pseudo-orbit Yk = {yg,yi,---) oi fk with 
j/q = 2 :, has only jumps in the tiles {Ck+i,Ck+ 2 , ' • • Moreover, the piece of the pseudo¬ 
orbit {yg,yi,--- ,ymk-i-i) coincides with {z,fk{z),--- , and the piece of the 

pseudo-orbit {y ^^, y^^+i, ■■■) coincides with • • • )■ Then by Definitions 12.271 

and 12.281 and by the fact that supp{Bk+i) n Uk +3 = 0, there is a diffeomorphism fk+i, 
satisfying the following properties. 

- The diffeomorphism fk+i is of the form fk+i = fk^'Pk+i, where (pk+i S V^+i coincides 
with Id outside supp{Bk+i), which is the property 1. 

- There is a pseudo-orbit Yfe+i = {yg'^^ , yi~^^ , • • •) of fk+i with = z, which connects 
some pieces of Yk and has jumps only in the tiles {Cfe+ 2 , Cfc+ 3 , • • •}, which is the 
property 5. 

- There is a positive integer Uk+i < lk+ 3 , such that the piece of the pseudo-orbit 

coincides with {yi^^^,yi^^^+i, ■ ■ ■), which is the property 4 . 

Then we take the smallest integer ruk, such that fj^i^{z) S Uk+i- Particularly, we take 
ruk as the following: 

- we take mg = 1 , 

- when A: > 1, we take such that G Uk+i, and for all 0 < f < m -|- A: -I- 1, 

we have /^+i(^) i Uk. 

Since supp{Bk+i) C Uk\ Uk+ 3 , the diffeomorphism fk+i coincides with fk on the piece of 
orbit (z,/fc(z), • • • ,/™'““^~^(z)). By the item 2 of Lemma ITTI we have that mk-i < mk, 
which is the property 2. The property 3 is satisfied since the new pseudo-orbit Yk+i has no 
jumps in Ck+ 2 . This finishes the proof of Lemma 17.71 □ 

End of the proof of Proposition^^ Now we consider the sequences {fk)k>o, (Yk)k>o, {'mk)k>o 
and {nk)k>o from Lemma FTTI By the choice of {Uk)k (see Property{F)), the sequence of 
diffeomorphism fk = f o tfg o ■ ■ ■ o (fk converges to a diffeomorphism g G 14. And since the 
diameters of the pairwise disjoint perturbations domains can be chosen arbitrarily small by 
Lemma [2.321 we can take g to be arbitrarily C°-close to /. Moreover, since the supports of 
all perturbation domains of {Bk)k<o are contained in [/, we have that g = f\M\u. 

Since supp{Bk+i) C Uk\ Uk+ 3 , by the items 2 and 3 of Lemma ITTfl the piece of orbit 
(z, fk{z), ■ ■ ■ , fj^'°~^~^ {z j) is also a piece of orbit of fn, when n > k+1. This implies that the 
limit of the sequence of pseudo-orbits Yk is the positive orbit of z under g since the sequence 
i'm.k)k>o is strictly increasing. By the item 4 of Lemma 17.71 we can see that orb'^{z,g) has 
only finitely many points outside Uk for any k > 0 (bounded by Uk), hence ui{z,g) C K. 
This finishes the proof of Proposition [H □ 

8 Proofs of the applications 

In this section, we give the proofs of the applications of the main theorem. 
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8.1 Structural stability and hyperbolicity 

To prove Corollary II.31 we use some of the results in [4311471 Hal [50]. We take two steps: 
first, we prove that the statement is true for a residual subset of DifF^(M), and then we 
prove it for all diffeomorphisms in Diff^(M). 

Assume that H(p) is the homoclinic class of a hyperbolic periodic point p of a diffeomor- 
phism / G Diff^(M). We state two properties as follows: 

- (PI) There are m G N, C > 0 and 0 < A < 1, such that H{p) admits an (m, A)- 
dominated splitting Th{p)M = E (B F with dim{E) = ind(p). And for any periodic 
point q homoclinically related to p, denote by T{q) the period of q, then the followings 
are satisfied: 

0<i<T{q)/m 

Q<i<T{q)/m 

- (P2) H{p) is shadowable and every periodic pseudo-orbit can be shadowed by a peri¬ 
odic orbit. 

Now we state the following two Lemmas, whose proofs will be omitted. 

Lemma 8.1. (Theorem 1.1 of [50]) Assume that f is a diffeomorphism in Diff^(M). If a 
homoclinic class H{p) is structurally stable, then the property (PI) is satisfied for H{p). 

Lemma 8.2. (Proposition 4.1 of [50]) Assume that f is a diffeomorphism in Diff^(M) and 
p is a hyperbolic periodic point. If the two properties (PI) and (P2) are satisfied, then Hfp) 
is hyperbolic. 

Lemma 8.3. (Proposition 2.4 of [49] and Proposition 3.3 of [49]) The conclusions of 
Lemma \8.1\ and Lemma \ 8 .S\ are also valid for the chain recurrence class C (p). 

Proof of Corollarv \l.S[ . By Theorem B, for any diffeomorphism / contained in a residual 
subset B C Diff^(M), if the property (PI) is satisfied for a homoclinic class II(p) of /, then 
II{p) is hyperbolic. We can take B such that B (Z TZ, where TZ is the residual subset in 
Lemma 12.341 Hence by Lemma 18.11 for any diffeomorphism / G fi, if a homoclinic class 
P(p) is structurally stable, then it is hyperbolic. 

Now we assume that / is an arbitrarily diffeomorphism in Diff^(M). If a homoclinic 
class P(p) of / is structurally stable, then there is a neighborhood U of /, such that, for 
any h €11, there is a homeomorphism (p : H(p) ^ H(ph), satisfying (p o f\H{p) = ho (P\h{p)- 
Since B is residual in Diff^(M), we can take a diffeomorphism g £ Br\U. Therefore, Hijpg) 
is structurally stable, where U is the neighborhood of g in the definition of structurally 
stable. Then II{pg) is hyperbolic by the argument above, hence II{pg) satisfies the property 
(P2). It is easy to see that the property (P2) is unchanged under conjugacy, thus is satisfied 
by P(p) since f £U. The property (PI) is satisfied by P(p) by Lemma [ST] Then by 
Lemma 151^ we have that P(p) is hyperbolic. This finishes the proof for homoclinic classes. 

For chain recurrence classes of a hyperbolic periodic point, we only have to show that 
Corollary 11.31 is valid for f £ B, and then with the same argument as above, we can get 
the conclusion. Assume f £ B and p is a hyperbolic periodic point of /. By item 2 of 
Lemma [2.341 C'(p) = P(p). By Lemma 1531 the property (PI) is satisfied for C'(p) and hence 
for P(p). Thus C'(p) = P(p) is hyperbolic. This finishes the proof of Corollary 1 1.31 □ 
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8.2 Partial hyperbolicity 

Now we give the proofs of Corollarv ll.4l and Corollary If .51 

Proof of Corollary \1.4\ We just prove when dim{E) is smaller than the smallest index of 
periodic orbits contained in H(p), thus dim(E) < ind(p). Assume E is not contracted, by the 
conclusion of the main theorem, we can get a sequence of periodic orbits orb{qn) C H(p) with 
arbitrarily long periods such that ind{qn) = dim{E), which contradicts to the assumption 
that dim{E) < ind{qn)- □ 

Proof of Corollary \1.5[ We assume that / satisfies the properties in Lemma 12.341 and that 
of the main theorem. For a homoclinic class H{p) of /, we denote by j > 1 and I < d — 1 
the smallest and the largest index of periodic point contained in H{p). From [1], one has 
that for any j < i < I, the hyperbolic periodic points with index i are dense in H(p). By 
Theorem A of [33], H{p) admits a dominated splitting with index i. By Remark 12.71 we 
have that H{p) admits a dominated splitting Th(p)M = © Af © • • • 0 where 

dim{E‘^^) = j, n = I — j, and dim{Ef) = 1 for all 1 < i < n. Since H{p) contains hyperbolic 
periodic points with index i for all j < i < I, we can see easily that the central bundle Ef is 
neither contracted nor expanded, for any 1 < i < n. 

Now we consider the bundles E‘^^ and i?™. If the bundle is contracted and A™ is 
expanded, then we get the partially hyperbolic splitting and the smallest or largest index of 
periodic orbits contained in H(p) also satisfy the conclusion. Let us assume otherwise that 
£1°® is not contracted. By our main theorem, there are periodic orbits with arbitrarily long 
period and index j, whose largest Lyapunov exponent along converges to 0. Moreover, 
such periodic orbits form a dense set in H{p). Since / is far away from tangency, the 
other Lyapunov exponents of such periodic orbits along are uniformly controlled by 
the largest one. Thus by the Franks’ Lemma, there are periodic orbits with index j — 1 
in any neighborhood of H{p) by small perturbations. Then by a genericity argument 
like in Section 14.71 for the diffeomorphism /, H{p) can be accumulated by periodic orbits 
with index j — 1- Therefore, by Theorem A of [33] and Remark |2Tl A“® has a dominated 
splitting A“® = A®©i?g with dim{EQ) = 1. By Corollarv ll.41 we have that A® is contracted. 
With similar argument to A'’“, we get that H{p) admits a partially hyperbolic splitting 
Th(p)M = A® © Af © • • • © with each central bundle of dimension 1 and neither 

contracted nor expanded. Moreover, the minimal index of periodic points contained in H{p) 
is dim{E‘‘) or dim{E^) + 1, and the maximal one is d — dim{E'^) or d — dim{E'^) — 1. By the 
main theorem, there exist periodic orbits contained in H{p) with arbitrarily long periods 
with a Lyapunov exponent along E^ arbitrarily close to 0. This finishes the proof. □ 

8.3 Lyapunov stable homoclinic classes 

Now we give the proofs of Corollarv ll.Gl and Corollarv ll.7l 

Proof of Corollary \1.6[ From Corollary 11.41 we only have to prove the case when dim{E) 
equals to the largest index of periodic orbits contained in H{p). The idea of the proof follows 
from 132] and Section 3 of |3]- We just give an explanation here and for more details, please 
refer to [32] and Section 3 of [3]- 

Assume f & TZ where TZ is the residual set in Lemma 12.341 There is a neighborhood U 
of /, such that the items 3, 4 and 6 stated in Lemma [2.341 are satisfied for {f, E[ {p) ,U) . We 
can assume that p has the largest index among the periodic points contained in H{p), hence 
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dim{E) = ind(p). Assume that the bundle F is not expanded, then by the conclusion of the 
Theorem A, we can get a sequence of periodic orbits or6(g„) homoclinically related to orb(p) 
with arbitrarily long period such that the smallest Lyapunov exponent of orb{qn) along the 
bundle F can be arbitrarily close to 0. By Lemma 2.3 of [26], we can assume that all the 
eigenvalues of ||I?/|| along orb{qn) are real. Then by Theorem 1 of |2H] (Theorem 2.5 in |3]) 
and a proper construction of a path of diffeomorphism (see |4]), there is a diffeomorphism g G 
U and a periodic point q oi g with index larger than dim{F) such that W^{q)riW'^{pg) ^ 0. 
By small perturbation, we can assume that W^{q) intersects VT“(pg) transversely. This 
property is persistent under perturbation, since ind{q) +ind{pg) > dim(M). Hence there 
is a neighborhood V CU oi g, such that for any /i e V, we have W’^iph) ftl W^{ph) ^ 0. Take 
a diffeomorphism h G V n 72., then H{ph) is Lyapunov stable by the item 6 of Lemma 12.341 
and hence qh G H{ph). This contradicts the item 4 of Lemma [2.341 bv the choice of 14, since 
ind{qh) > ind{ph) = ind(p). □ 

Proof of Corollary [13 We assume that the second item does not happen. By Lemma r2.341 
all periodic orbits contained in H{p) have the same index. By |39] . H(p) has a dominated 
splitting Th(p)M = F (B F such that dim{F) = ind{p). By Corollarv ll.61 we have that the 
bundle F is expanded. With the same argument to and the bundle F, we get that F 
is contracted for /. Hence the splitting Tpj(^p-^M = F ® F is hyperbolic. Then H{p) is a 
hyperbolic chain recurrence class by item 2 of Lemma 12.341 Hence by a standard argument 
using the shadowing lemma, H{p) is an isolated chain recurrence class. By Theorem 5 of |2], 
since M is connected, the homoclinic class H{p) is in fact the whole manifold, hence / is 
Anosov. □ 
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